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RESEARCH NOTE

Fixed point results for generalized rational 
type α -admissible contractive mappings 
in the setting of partially ordered b-metric 
spaces
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Abstract 

Objectives: In this paper we introduce fixed point theorems for generalized rational type α -admissible contractive 
mappings in partially ordered b-metric spaces and prove the existence and uniqueness of fixed points for self-map-
pings satisfying the established theorems. Finally, we provide examples in support of our main findings in the setting 
of partially ordered b-metric spaces.

Result: New fixed point results have been obtained for generalized rational type α -admissible contractive mappings 
in the setting of partially ordered b-metric space and we applied one of our results to determine a solution to an 
integral equation.
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Introduction
Banach contraction principle [2] is one of the most use-
ful results in nonlinear analysis. It ensures the existence 
and uniqueness of the fixed points of nonlinear operators 
satisfying strict contractive conditions. It also shows that 
the fixed point can be approximated by means of a Pic-
ard iterations. Due to its application in mathematics and 
other related fields of study the Banach contraction prin-
ciple has been generalized in many directions. One of 
the generalizations of Banach fixed point theorem is the 
one given in the setting of partially ordered metric spaces 
which was initiated by Wolk [3]. After that Ran and Reur-
ings [4] introduced fixed point results in the setting of 
partially metric spaces. There after Nieto and Rodrigue-
zLopez [5] extended the works of Ran and Reurings for 

non-decreasing mappings and applied their results to 
determine a solution of certain differential equation. For 
more fixed point results in partially ordered metric and 
partially ordered b-metric spaces readers may refer to [6–
11] and the references therein. Recently, in 2020, Sesha-
giri Rao and Kalyani [1] defined generalized rational type 
contraction mappings and studied fixed point theorems 
for the class of mappings introduced in the setting of par-
tially ordered metric spaces.

Inspired and motivated by the works Seshagiri Rao 
and Kalyani [1] in this paper we introduce generalized 
rational type α -admissible contractive mappings and 
study fixed point results in the setting of partially ordered 
b-metric spaces.

Preliminaries
In this section, we recall some basic definitions and 
results which we use in the sequel.
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Notation 1 In this paper we denote: 

1 R+ = [0,∞);

2 R is the set of real numbers;
3 N is the set of natural numbers.

Definition 1 [12] Let X be a nonempty set and s ≥ 1 be 
a given real number. A function d : X × X → R+ is said 
to be a b-metric if and only if for all x, y, z ∈ X , the follow-
ing conditions are satisfied: 

 (i) d(x, y) = 0 if and only if x = y;
 (ii) d(x, y) = d(y, x);
 (iii) d(x, z) ≤ s[d(x, y)+ d(y, z)].

The pair (X, d) is called a b-metric space.
It should be noted that, the class of b-metric spaces is 
effectively larger than that of metric spaces, since a met-
ric is a b-metric with s = 1.

But in general, the converse is not true.

Example 1 [13] Let X = R and d : X × X → R+ be 
given by d(x, y) = |x − y|2 for x, y ∈ X , then d is a b-met-
ric on X with s = 2 but it is not a metric on X since for 
x = 2, y = 4 and z = 6 , we have

Hence, the triangle inequality for a metric does not hold.

Definition 2 [14] Let (X ,�) be a partially ordered set. 
A sequence {xn} in X is said to be non-decreasing with 
respect to � if xn � xn+1 for all n ∈ N .

Definition 3 [14] Let (X ,�) be a partially ordered set 
and T : X → X be a mapping then, 

(i)  elements of x, y ∈ X are said to be comparable if 
x � y or y � x holds.

(ii)  a nonempty set X is called well-ordered set, if 
every two elements of it are comparable.

(iii)  T is said to be monotone non-decreasing with 
respect to � if for all x, y ∈ X , x � y implies 
Tx � Ty.

d(2, 6) = 16 � 8 = 4 + 4 = d(2, 4)+ d(4, 6).

(iv)  T is said to be monotone non-increasing with 
with respect to � if for all x, y ∈ X , x � y implies 
Tx � Ty.

Theorem  1 [15] Let (X,  d) be a complete metric space 
and suppose that there exist α,β ≥ 0 with α + β < 1 and 
T : X → X satisfying the contraction condition:

d(Tx,Ty) ≤ α
d(y,Ty)[1+d(x,Tx)]

1+d(x,y)
+ βd(x, y) for all x, y ∈ X.

Then T has a unique fixed point.

Theorem  2 [16] Let (X ,�) be a partially ordered set 
and suppose that there exists a metric d on X such that 
(X, d) is a complete metric space. Suppose that T is a con-
tinuous, monotone non-decreasing self- mapping on X 
and d(Tx,Ty) ≤ α

d(x,Tx)d(y,Ty)
d(x,y)+d(x,Ty)+d(y,Tx))

+ βd(x, y) for all 
x, y ∈ X, with x � y and for some α,β ∈ [0, 1) with 
α + β < 1, there exists x0 ∈ X with x0 � Tx0.

Then T has a fixed point.

Definition 4 [17] Let X be a nonempty set, T : X → X 
and α : X × X → R+ , we say that T  is an α-admissi-
ble mapping if α(x, y) ≥ 1 implies α(Tx,Ty) ≥ 1 , for all 
x, y ∈ X.

Definition 5 [18] Let (X , d) be a b-metric space, x ∈ X 
and {xn} be a sequence in X. Then we say that: 

(i)  {xn} b-converges to x if d(xn, x) → 0 as n → ∞.
(ii)  {xn} is a b-Cauchy sequence if d(xn, xm) → 0 as 

n,m → ∞.
(iii)  (X, d) is b-complete if every b-Cauchy sequence is 

b-convergent in X.

Definition 6 [19] Let (X, d) be a b-metric space with the 
coefficient s ≥ 1 and T : X → X be a given mapping. We 
say that T is continuous at xo ∈ X if and only if for every 
sequence {xn} in X , we have xn → xo as n → ∞, then 
Txn → Txo as n → ∞.

If T is continuous at each point x0 ∈ X , then we say that 
T is continuous on X. In general, a b-metric is not neces-
sarily continuous.
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Example 2 Let X = NU{∞}. Define a mapping 
d : X × X → R+ as follows:

d(m, p) ≤ 5
4
[d(m, n)+ d(n, p)] for all m, n, p ∈ X .

Then (X, d) is a b-metric space with s = 5
4
.

Choose xn = 2n for each n ∈ N  . Then

that is, xn → ∞ as n → ∞.

But,

Hence d is not continuous.

Definition 7 [7] Let (X,  d) be a complete metric space 
and (X ,�) is partial ordered set. Then (X , d,�) is called a 
complete partially ordered metric space.

Main results
Now we define generalized rational type α-admissible 
contractive mappings in the setting of partially ordered 
b-metric space and prove fixed point results for the map-
pings defined.

Definition 8 Let (X , d,�) be a partially ordered b-met-
ric space with coefficient s ≥ 1 , α : X × X → R+ and 
T : X → X , then T is said to be generalized rational 
type α-admissible contractive mapping if there exit 
a, b, c, e, f ∈ [0, 1) with as + (2s + s2)b+ c + es + f < 1 
and satisfies:

d(m, n) =















0 ifm = n;
�

�

�

1
m − 1

n

�

�

�
if one ofm and n is even and the other even or∞;

5 if one ofm and n is odd and the other is odd or∞;

4 if others,

d(xn,∞) = d(2n,∞) =
1

2n
→ 0 as n → ∞

lim
n→∞

d(xn, 1) = 4 �= 5 = d(∞, 1).

(1)α(x, y)d(Tx,Ty) ≤



























ad(x, y)+ b[d(x,Tx)+ d(x,Ty)] + c
d(y,Ty)+d(y,Tx)
1+d(y,Ty)d(y,Tx)

+e
d(x,Tx)d(x,Ty)+d(y,Tx)d(y,Ty)

d(y,Tx)+d(x,Ty)
+ f

d(y,Ty)[1+d(x,Tx)]
1+d(x,y)

if A �= 0

0 if A = 0

for all x, y ∈ X with x � y where A = d(y,Tx)+ d(x,Ty).

Theorem 3 Let (X , d,�) be a complete partially ordered 
b-metric space with coefficient s ≥ 1, α : X × X → R+ 
and T : X → X satisfies the following conditions:

(i)  T is generalized rational type α-admissible con-
tractive mapping;

(ii)  there exists a point x0 ∈ X such that x0 � Tx0 and 
α(x0,Tx0) ≥ 1;

(iii)  T is continuous and a non-decreasing mapping 
with regards to �;

(iv)  T is an α-admissible mapping;

 Then T has a fixed point in X.

Proof By (ii) there exists x0 ∈ X such that x0 � Tx0 
and α(x0,Tx0) ≥ 1 . We define a sequence {xn} in X by 
xn+1 = Txn , for all n ≥ 0 . By non-decreasing property of 
T we get,

If xn = xn+1 for some n ≥ 0 , then Txn = xn+1 = xn , so 
that xn is a fixed point of T and this completes the proof. 

Now assume that xn  = xn+1 , for all n ≥ 0 . Since T  is α
-admissible, we have

Also, we get

By induction we obtain,

(2)
x0 � Tx0 = x1 � Tx1 = x2 � ... � xn � Txn = xn+1 � ...

�

α(x0,Tx0) = α(x0, x1) ≥ 1 ⇒ α(Tx0,Tx1) = α(x1, x2) ≥ 1.

α (x1, x2) ≥ 1 ⇒ α(Tx1,Tx2) = α(x2, x3) ≥ 1.
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We consider two cases.
Case (i): If A = d(xn,Txn−1)+ d(xn−1,Txn) �= 0.
Now, by applying (1) and (3) for all n ≥ 1 we get,

That is,

which gives (1− (bs + c + f ))d(xn, xn+1) ≤ (a+ b(1+ s)

+e)d(xn−1, xn),

Let (a+b(1+s)+e)
1−(bs+c+f )

= β ∈ [0, 1s ).
Now (4) becomes,

(3)α(xn, xn+1) ≥ 1, for all n ≥ 0.

d(xn, xn+1) = d(Txn−1,Txn)

≤ α(xn−1, xn)d(Txn−1,Txn)

≤ ad(xn−1, xn)+ b[d(xn−1,Txn−1)+ d(xn−1,Txn)]

+ c
d(xn,Txn)+ d(xn,Txn−1)

1+ d(xn,Txn)d(xn,Txn−1)

+ e
d(xn−1,Txn−1)d(xn−1,Txn)+ d(xn,Txn−1)d(xn,Txn)

d(xn,Txn−1)+ d(xn−1,Txn)

+ f
d(xn,Txn)[1+ d(xn−1,Txn−1)]

1+ d(xn−1, xn)

= ad(xn−1, xn)+ b[d(xn−1, xn)+ d(xn−1, xn+1)] + c
d(xn, xn+1)+ d(xn, xn)

1+ d(xn, xn+1)d(xn, xn)

+ e
d(xn−1, xn)d(xn−1, xn+1)+ d(xn, xn)d(xn, xn+1)

d(xn, xn)+ d(xn−1, xn+1)
+ f

d(xn, xn+1)[1+ d(xn−1, xn)]

1+ d(xn−1, xn)

≤ ad(xn−1, xn)+ bd(xn−1, xn)+ bd(xn−1, xn+1)

+ cd(xn, xn+1)+ ed(xn−1, xn)+ fd(xn, xn+1).

d(xn, xn+1) ≤ ad(xn−1, xn)+ bd(xn−1, xn)

+ bsd(xn−1, xn)+ bsd(xn, xn+1)

+ cd(xn, xn+1)+ ed(xn−1, xn)

+ fd(xn, xn+1),

(4)d(xn, xn+1) ≤
(a+ b(1+ s)+ e)

1− (bs + c + f )
d(xn−1, xn).

d(xn, xn+1) ≤ βd(xn−1, xn).

Also, we obtain

So, we have

By continuing this process inductively we get,

Since 0 ≤ β < 1
s,

Hence, d(xn, xn+1) → 0 , as n → ∞ . That is,

Now, we show the sequence {xn} is b-Cauchy.
For m, n ∈ N  with m > n , applying the triangle inequal-

ity we get,

d(xn−1, xn) ≤ βd(xn−2, xn−1).

d(xn, xn+1) ≤ β2d(xn−2, xn−1).

d(xn, xn+1) ≤ βnd(x0, x1) for all n ≥ 1.

βnd(x0, x1) → 0, as n → ∞.

(5)lim
n→∞

d(xn, xn+1) = 0.

d(xn, xm) ≤ s[d(xn, xn+1)+ d(xn+1, xm)]

≤ sd(xn, xn+1)+ s2[d(xn+1, xn+2)+ · · · + d(xm−1, xm)]

≤ sd(xn, xn+1)+ s2d(xn+1, xn+2)+ · · · + smd(xm−1, xm)

≤ sβnd(x0, x1)+ s2βn+1d(x0, x1)+ · · · + smβm−1d(x0, x1)

= sβnd(x0, x1)[1+ (sβ)+ (sβ)2 + · · · + (sβ)m−(n+1)]

≤ sβnd(x0, x1)[1+ (sβ)+ (sβ)2 + · · · ]

=
sβn

1− sβ
d(x0, x1).
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Thus,

Since β ∈ [0, 1s ), we get,

Hence, d(xn, xm) → 0 as m, n → ∞ . Therefore, {xn} is a 
b-Cauchy sequence in X.

Since, X is b-complete, there exists x ∈ X  such that 
xn → x , that is,

Since, T is continuous,

That is, Tx = x . So, x is a fixed point of T.
Case (ii): If A = d(xn,Txn−1)+ d(xn−1,Txn) = 0, 

from (1) we have d(xn, xn+1) = 0 , which gives that 
xn = xn+1 , it is a contradiction as the elements of the 
sequence are comparable and distinct. Therefore, T has 
a fixed point. By removing the continuity assumption of 
T in Theorem 3 we get the following result.

Theorem 4 Let (X , d,�) be a complete partially ordered 
b-metric space with coefficient s ≥ 1, α : X × X → R+ 
and T : X → X, satisfies the following conditions:

(i)  T is generalized rational type α-admissible con-
tractive mapping;

d(xn, xm) ≤
sβn

1− sβ
d(x0, x1).

sβn

1− sβ
d(x0, x1) → 0 as n → ∞.

(6)lim
n→∞

xn = x.

(7)x = lim
n→∞

xn+1 = lim
n→∞

Txn = T ( lim
n→∞

xn) = Tx.

(ii)  there exists a point x0 ∈ X such that x0 � Tx0 and 
α(x0,Tx0) ≥ 1;

(iii)  there exists a non-decreasing sequence xn → x in 
X, with xn � x and α(xn, x) ≥ 1 for all n ≥ 0;

(iv)  T is a non-decreasing mapping with regards to �;
(v)  d is continuous;
(vi)  T is an α-admissible mapping.

 Then T has a fixed point in X.

Proof By (ii) there exists x0 ∈ X such that x0 � Tx0 and 
α(x0,Tx0) ≥ 1.

We define a sequence {xn} in X by Tn+1x0 = T (Tnx0) , for 
all n ≥ 0 . Since T is non-decreasing we have

Following as in the proof of Theorem  3 we get that the 
sequence {xn} is b-Cauchy in X and it converges to x ∈ X.

Now, we have to show the existence of a fixed point of T 
in X.

That is, x = Tx . Suppose that x  = Tx . By (iii), there 
exists a sequence {xn} in X such that α(xn, x) ≥ 1 for 
all n ∈ N ∪ {0} . We can suppose that xn  = Tx for all 
n ∈ N ∪ {0} . We consider the following cases.

Case (i): If A = d(x,Txn)+ d(xn,Tx) �= 0 , then from (1), 
we have

(8)
x0 � Tx0 = x1 � T 2x0 = x2 � T 3x0

= x3 � ... � xn � Tn+1x0

= xn+1 � ....

d(xn+1,Tx) = d(Txn,Tx)

≤α(xn, x)d(Txn,Tx)

≤ ad(xn, x)+ b[d(xn,Txn)+ d(xn,Tx)] + c
d(x,Tx)+ d(x,Txn)

1+ d(x,Tx)d(x,Txn)

+ e
d(xn,Txn)d(xn,Tx)+ d(x,Txn)d(x,Tx)

d(x,Txn)+ d(xn,Tx)

+ f
d(x,Tx)[1+ d(xn,Txn)]

1+ d(xn, x)
.
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So,we have

Letting limit as n → ∞ in the above inequality we obtain,

It follows that (1− (b+ c + f ))d(x,Tx) ≤ 0. Since 
(1− (b+ c + f )) > 0 , we must have d(x,Tx) = 0 , that is, 
x = Tx . Hence, x is a fixed point of T.

Case (ii) A = d(x,Txn)+ d(xn,Tx) = 0 then from (1), 
we have

by taking limit as n → ∞ we get, d(x,Tx) = 0, which 
implies that x = Tx.

Therefore, x is a fixed point of T. �

In the following we use Condition (U) to guarantee the 
uniqueness of fixed point in Theorem 3 and Theorem 4.

d(xn+1,Tx) ≤ ad(xn, x)+ b[d(xn, xn+1)+ d(xn,Tx)]

+ c
d(x,Tx)+ d(x, xn+1)

1+ d(x,Tx)d(x, xn+1)

+ e
d(xn, xn+1)d(xn,Tx)+ d(x, xn+1)d(x,Tx)

d(x, xn+1)+ d(xn,Tx)

+ f
d(x,Tx)[1+ d(xn, xn+1)]

1+ d(xn, x)
.

d(x,Tx) ≤bd(x,Tx)+ cd(x,Tx)+ fd(x,Tx),

=(b+ c + f )d(x,Tx).

d(xn+1,Tx) = 0,

Condition U: For all x, y ∈ Fix(T ) , we have α(x, y) ≥ 1 , 
where Fix(T) denotes the set of all fixed points of T. Every 

pair of elements has a lower bound and has an upper 
bound. This condition is equivalent to for every x, y ∈ X 
there exists z ∈ X which is comparable to x and y.

Theorem 5 In addition to the hypotheses of Theorem 3 
(or Theorem 4), condition (U) provides uniqueness of fixed 
point of T in X.

Proof From Theorem 3 (or Theorem 4) the set of fixed 
points of T is nonempty. Suppose that x and y are two 
fixed points of T then, we claim that x = y . Suppose that 
x  = y.

We consider the following cases:

Case (i) If A = d(y,Tx)+ d(x,Ty) �= 0 then from (1), we 
have

d(x, y) = d(Tx,Ty)

≤ α(x, y)d(Tx,Ty)

≤ ad(x, y)+ b[d(x,Tx)+ d(x,Ty)] + c
d(y,Ty)+ d(y,Tx)

1+ d(y,Ty)d(y,Tx)

+ e
d(x,Tx)d(x,Ty)+ d(y,Tx)d(y,Ty)

d(y,Tx)+ d(x,Ty)
+ f

d(y,Ty)[1+ d(x,Tx)]

1+ d(x, y)
,

= ad(x, y)+ b[d(x, x)+ d(x, y)] + c
d(y, y)+ d(y, x)

1+ d(y, y)d(y, x)

+ e
d(x, x)d(x, y)+ d(y, x)d(y, y)

d(y, x)+ d(x, y)
+ f

d(y, y)[1+ d(x, x)]

1+ d(x, y)
,

= ad(x, y)+ bd(x, y)+ cd(y, x),

=(a+ b+ c)d(x, y) < d(x, y), since a+ b+ c < 1,
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which is a contradiction, thus we get, d(x, y) = 0 , which 
implies that x = y.

Hence, T has a unique fixed point.

Case (ii) If A = d(y,Tx)+ d(x,Ty) = 0 , then from (1), 
we have d(x, y) = 0 which implies that x = y. Therefore, 
T has a unique fixed point. 

In the following we give corollaries to our main 
findings.

Corollary 1 Let (X , d,�) be a complete partially ordered 
b-metric space with coefficient s ≥ 1, α : X × X → R+ 
and T : X → X, satisfies the following conditions:

(i)  

and a, b, e ∈ [0, 1) with as + (2s + s2)b+ es < 1;

(ii)  there exists a point x0 ∈ X such that x0 � Tx0 and 
α(x0,Tx0) ≥ 1;

(iii)  T is an α-admissible mapping;
(iv)  T is continuous and a non-decreasing mapping 

with regards to �.

 Then T has a fixed point in X.

Proof The result follows by taking c = f = 0 in 
Theorem 3. 

�

(9)α(x, y)d(Tx,Ty) ≤

{

ad(x, y)+ b[d(x,Tx)+ d(x,Ty)] + e
d(x,Tx)d(x,Ty)+d(y,Tx)d(y,Ty)

d(y,Tx)+d(x,Ty)
if A �= 0

0 if A = 0

for all x, y ∈ X with x � y, where A = d(y,Tx)+ d(x,Ty)

�

Remark 1 By taking α(x, y) = 1 for all x, y ∈ X and 
s = 1 in Corollary 1 we get the result of (Seshagiri and 
Kalyani, 2020) in metric spaces.

Corollary 2 Let (X , d,�) be a complete partially ordered 
b-metric space with coefficient s ≥ 1, α : X × X → R+ 
and T : X → X satisfies the following conditions:

(i)  

and a, b, c, e ∈ [0, 1) with as + (2s + s2)b+ c + es < 1;

(ii)  if there exists a point x0 ∈ X such that x0 � Tx0 
and α(x0,Tx0) ≥ 1;

(iii)  T is an α-admissible mapping;
(iv)  T is a non-decreasing mapping with regards to �;
(v)  there exists a non-decreasing sequence xn → x in 

X, with xn � x and α(xn, x) ≥ 1 for all n ∈ N.

 Then T has a fixed point in X.

Proof The result follows by taking f = 0 in Theorem 4. 

Remark 2 By taking α(x, y) = 1 for all x, y ∈ X in Cor-
ollary 2 we get another corollary in b-metric spaces.

Corollary 3 Let (X , d,�) be a complete partially 
ordered b-metric space with coefficient s ≥ 1 and 
T : X → X be a non-decreasing mapping with regards to 
� which satisfies the following condition:

(10)α(x, y)d(Tx,Ty) ≤











ad(x, y)+ b[d(x,Tx)+ d(x,Ty)] + c
d(y,Ty)+d(y,Tx)
1+d(y,Ty)d(y,Tx)

+ e
d(x,Tx)d(x,Ty)+d(y,Tx)d(y,Ty)

d(y,Tx)+d(x,Ty)
if A �= 0

0 if A = 0

for all x, y ∈ X with x � y, where A = d(y,Tx)+ d(x,Ty)

�
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for all x, y ∈ X with x � y, where a, b, c, f ∈ [0, 1) with 
as + (2s + s2)b+ c + f < 1.

Then T has a unique fixed point in X.

Proof The result follows by taking α(x, y) = 1 for all 
x, y ∈ X and e = 0 in Theorem 3. 

Remark 3 By taking b = c = f = 0 and s = 1 for all 
x, y ∈ X in Corollary 3 we get Banach fixed point theo-
rem in metric spaces.

Corollary 4 Let (X , d,�) be a complete partially ordered 
b-metric space with coefficient s ≥ 1 , α : X × X → R+ 
and T : X → X satisfies the following conditions:

(i)  

and where a, c, e, f ∈ [0, 1) with as + c + es + f < 1;

(ii)  if there exists a point x0 ∈ X such that x0 � Tx0 
and α(x0,Tx0) ≥ 1;

(iii)  T is an α-admissible mapping;
(iv)  T is a non-decreasing mapping with regards to �;
(v)  there exists a non-decreasing sequence xn → x in 

X, with xn � x and α(xn, x) ≥ 1 for all n ∈ N.

 Then T has a fixed point in X.

d(Tx,Ty) ≤ ad(x, y)+ b[d(x,Tx)+ d(x,Ty)]

+ c
d(y,Ty)+ d(y,Tx)

1+ d(y,Ty)d(y,Tx)

+ f
d(y,Ty)[1+ d(x,Tx)]

1+ d(x, y)

�

(11)α(x, y)d(Tx,Ty) ≤



















ad(x, y)+ c
d(y,Ty)+d(y,Tx)
1+d(y,Ty)d(y,Tx)

+ e
d(x,Tx)d(x,Ty)+d(y,Tx)d(y,Ty)

d(y,Tx)+d(x,Ty)

+ f
d(y,Ty)[1+d(x,Tx)]

1+d(x,y)
if A �= 0

0 if A = 0

for all x, y ∈ X with x � y where A = d(y,Tx)+ d(x,Ty)

Proof The result follows by taking b = 0 in Theorem 4. 

Remark 4 By taking α(x, y) = 1 for all x, y ∈ X in Cor-
ollary 4 we get another corollary in b-metric spaces.

Application to integral equation
In this section we use Corollary 3 to show that there is a 
solution to the following integral equation,

Let X = C[0, 1] be the set of real continuous functions 
defined on [0, 1]. We endow X with partial order � given 
by x � y if and only if x(t) � y(t) for all t ∈ [0, 1] and

for all x, y ∈ X , where m ≥ 1 . It is evident that (X , d,�) is 
a complete partial ordered b-metric space with a param-
eter s = 2m−1 . Consider the mapping T : X → X given by 
Tx(t) =

∫ 1

0
L(t, r, x(r))dr.

Theorem 6 Consider Equation (12) and suppose that

 (i) L : [0, 1] × [0, 1] × R → R+ is continuous function;
 (ii) there is a continuous function 

β : [0, 1] × [0, 1] → R+ such that 
∫ 1

0
β(t, r)dr ≤ 1;

 (iii) there exists a constant a ∈ [0, 1) such that for all 
(t, r) ∈ [0, 1]2 and x, y ∈ R,

Then the integral Equation (12) has a unique solu-
tion x ∈ X.

�

(12)x(t) =

∫ 1

0

L(t, r, x(r))dr.

d(x, y) = max
t∈[0,1]

(|x(t)− y(t)|)m

|L(t, r, x(r))− L(t, r, y(r))| ≤ a
1
m β(t, r)|x(r)− y(r)|.
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Proof For x, y ∈ X , from condition (ii) and (iii), for all 
t ∈ [0, 1] , we have

Therefore, all conditions of Corollary 3 are satisfied and 
as a result the mapping T has a unique fixed point in X. 
Which is a solution of the integral equation in (12). �

Now, we give an examples to support our main 
findings.

Example 3 Let X = {1, 2, 3, 4, 5} . We define d as 
follows: 

 (i) d(x, x) = 0, for all x ∈ X;
 (ii) d(x, y) = d(y, x), for all x, y ∈ X 

d(1, 2) = d(2, 3) = d(3, 4) = d(4, 5) = 1

 d(1, 3) = d(2, 4) = d(3, 5) = 2

 d(1, 4) = d(2, 5) = 3

 d(1, 5) = m > 4.
Then d(x, y) ≤ m

4
[d(x, z)+ d(z, y)] , for x, y, z ∈ X.

d(Tx(t),Ty(t)) = (|Tx(t)− Ty(t)|)m

=

(∣

∣

∣

∣

∣

∫ 1

0

L(t, r, x(r))dr −

∫ 1

0

L(t, r, y(r))dr

∣

∣

∣

∣

∣

)m

=

(∣

∣

∣

∣

∣

∫ 1

0

(L(t, r, x(r))− L(t, r, y(r)))dr

∣

∣

∣

∣

∣

)m

≤

(

∫ 1

0

|L(t, r, x(r))− L(t, r, y(r))|dr

)m

≤

(

∫ 1

0

a
1
m β(t, r)|x(r)− y(r)|dr

)m

=

(

∫ 1

0

a
1
m β(t, r)(|x(r)− y(r)|m)

1
m dr

)m

≤

(

∫ 1

0

a
1
m β(t, r)(d(x(t), y(t)))

1
m dr

)m

= ad(x, y)

(

∫ 1

0

β(t, r)dr

)m

≤ ad(x, y)

≤ ad(x, y)+ b[d(x,Tx)+ d(x,Ty)] + c
d(y,Ty)+ d(y,Tx)

1+ d(y,Ty)d(y,Tx)

+ f
d(y,Ty)[1+ d(x,Tx)]

1+ d(x, y)
.

We note that (X, d) is a b-metric space with s ≥ m
4

 . But 
(X, d) is not a metric space because for x = 1 , y = 5 and 
z = 2 , d(1, 5) = m � 4 = d(1, 2)+ d(2, 5).

Now, we define a partial order on X by

Then (X ,�) is a partially ordered set. We define 
T : X → X and α : X × X → ℜ+ as:

Clearly T is continuous, non-decreasing and α-admissible 
mapping.

Further for x0 = 1 ∈ X we have α(x0,Tx0) = 2 ≥ 1.

By choosing s = 2 , a =
1
32

 , b = 1
256

 , c = e = 1
64

 and 
e = 1

128
, we see that T satisfies Inequality (1) and all the 

�:= {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (3, 4), (3, 5), (4, 5)}.

T (x) =

{

1 if x, y ∈ {1, 2}

2 if x, y ∈ {3, 4, 5};

α(x, y) =

{

1 if x, y ∈ {3, 4, 5}

2 otherwise.
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hypotheses of the Theorem  3 and T has a fixed point 
x0 = 1.

Example 4 Let X = [0, 1] be endowed with usual order 
≤ and with the b-metric d : X × X → R+ defined by 
d(x, y) = 1

16
|x − y|2 with s = 2.

We define an operator T : X → X by

and α : X × X → R+ by

Clearly T is non-decreasing and an α-admissible 
mapping.

Further, for x0 = 0 we have α(x0,Tx0) = α(0,T0) = 2 ≥ 1.

Now we verify Inequality (1) with s = 2 and 
a = f = 1

64
 , b = 1

128
 , c = 1

32
 and e = 1

64
 with 

as + (2s + s2)b+ c + es + f < 1.

Case (i): If x, y ∈ [0, 1
4
] we get,

Case (ii): If x, y ∈ ( 1
4
, 1] we get,

Tx =

{

x
4

if x ∈ [0, 1
4
]

x
2
+ 1

2
if x ∈ ( 1

4
, 1]

α(x, y) =







2 if x, y ∈ [0, 1
4
]

1 if x, y ∈ ( 1
4
, 1]

0 otherwise.

α(x, y)d(Tx,Ty)

= 2

(

1

16

)

∣

∣

∣

x

4
−

y

4

∣

∣

∣

2

= 2

(

1

256

)

|x − y|2

=
1

128
|x − y|2 ≤

1

64
|x − y|2

+
1

128

[

∣

∣

∣
x −

x

4

∣

∣

∣

2

+

∣

∣

∣
x −

y

4

∣

∣

∣

2
]

+
1

32

∣

∣y−
y
4

∣

∣

2
+

∣

∣y− x
4

∣

∣

2

1+
∣

∣y−
y
4

∣

∣

2∣
∣y− x

4

∣

∣

2

+
1

64

∣

∣x − x
4

∣

∣

2∣
∣x −

y
4

∣

∣

2
+

∣

∣y− x
4

∣

∣

2∣
∣y−

y
4

∣

∣

2

∣

∣y− x
4

∣

∣

2
+

∣

∣x −
y
4

∣

∣

2

+
1

64

∣

∣y−
y
4

∣

∣

2
[

1+
∣

∣x − x
4

∣

∣

2
]

1+ |x − y|2
.

Case (iii): If y ∈ [0, 1
4
] and x ∈ ( 1

4
, 1] , then Inequality (1) 

trivially holds.

From the Case (i) - Case(iii) considered above, T satisfies 
Inequality (1) and hence, T satisfies all the hypotheses of 
the Theorem 4 and 0, 1 ∈ X are fixed points of T.

Limitations
Seshagiri and Kalyani [1] established fixed point results 
for mappings satisfying certain rational type con-
tractive conditions in complete partial ordered met-
ric spaces and proved the existence and uniqueness 
of fixed points. In this paper, we define generalized 
rational type α-admissible contractive mappings in the 
setting of complete partially ordered b-metric spaces 
and prove the existence and uniqueness of fixed points 
for the introduced mappings. Our results extend and 
generalize the work of Seshagiri and Kalyani [1] from 
metric space to b-metric space. We have also supported 
the main results of this paper by applicable examples.

Acknowledgements
The authors would like to thank the College of Natural Sciences, Jimma Uni-
versity for funding this research work.

Author Contributions
KHH contributed in the conceptualization, formal analysis, methodology, 
writing, editing and approving the manuscript. KKT involved in formal analysis, 
methodology and writing the original draft. MAM supervised the work and 
critically revised the manuscript. All authors read and approved the final 
manuscript.

Declarations

Competing interests
The authors declare that they have no competing interests.

Received: 22 November 2021   Accepted: 17 June 2022

α(x, y)d(Tx,Ty) = 1

(

1

16

)∣

∣

∣

∣

x

2
+

1

2
−

(

y

2
+

1

2

)∣

∣

∣

∣

2
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16
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∣

∣
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2
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∣

∣

2

=
1

64
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∣

∣
x −

x

4
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∣

∣

2

+
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∣

∣
x −
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∣

∣
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∣y−
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∣

2
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∣

2
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2
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2∣
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4

∣
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2
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4
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2∣
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4

∣
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2

∣
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4
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2
+
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4
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∣

2

+
1
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∣
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4
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2
[

1+
∣
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4

∣
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