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Keywords: Ordered b-metric space, Compatible mappings, Mixed f-monotone, Fixed points
Mathematics Subject Classification: Primary: 47H10, Secondary: 54H25

Introduction

A b-metric space or a metric type space is one of the
most influential generalizations of the usual metric space.
It was first initiated by Bakhtin [11] in 1989. Later, this
concept has been used extensively by Czerwik [16] in
his work and also generalized the Banach contraction
principle in a complete b-metric space. Thereafter many
researchers improved and generalized the fixed point
results for single and multi-valued operators in ordered
b-metric space by considering necessary topological
properties, the readers may refer the works from [1, 7, 8,
10, 20-23, 34] and the references therein.

In ordered metric space, Bhaskar et al. [13] have been
introduced first the concept of coupled fixed points for
certain mappings and applied their results to bound-
ary value problems for obtaining the unique solutions.
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Lakshmikantham et al. [24] have been initiated the con-
cept of coupled coincidence and coupled common fixed
point results for nonlinear contractive mappings with
monotone property in partially ordered complete met-
ric space, which generalized and extended the results of
[13]. Later, there has been a lot of generalizations and
extensions for the results of coupled fixed points and
coupled coincidence points in various ordered spaces,
some of such works can be found from the articles [4—6,
9, 14, 15, 17-19, 25-27]. Recently, some results on fixed
point, coincidence point and coupled coincidence points
for the mappings satisfying generalized weak contraction
contractions in the context of partially ordered b-metric
space with topological properties have been investigated
by Belay Mituku et al. [12], Seshagiri Rao et al. [28, 32,
33]. In [2] Aftab Alam et al. have generalized some fre-
quently used metrical notations such as completeness,
continuity, compatibility etc. to order-theoretic settings
especially in ordered metric spaces besides introduced
some new notions such as the ICC, DCC, MCC proper-
ties etc. and utilized these relatively weaker notions to
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prove some coincidence theorems for Byod-Wong type
contractions. More extended results on coincidence
point have been investigated by Aftab Alam et al. [3] in
ordered metric spaces whereas neither the whole space
nor the range subspaces are required to be complete.
Instead they used the completeness of a subspace of
ordered metric space satisfying suitable conditions.

In the present work, we proved some fixed point results
for the self mappings satisfying a generalized weak con-
tractive condition in a complete partially ordered b-met-
ric space. The obtained results generalized and extended
the results of [12, 28, 32, 33] and some existing results in
the literature. A few examples are illustrated to support
findings.

Mathematical preliminaries
The following definitions and results are frequently used
in the upcoming study.

Definition 1 [29, 30] An operator d: % x % — [0,+00),
where % is a non-empty set is said to be a b-metric, if it
satisfies the properties given below

(i) d(w1, #2) = 0= 21 = 22,
(ll) d(ﬂlr ”2) = d(”?.’ ﬂl):
(iii) d(#1, »2) < dd (21, #3) +d(=3, =3)], for all

21, #2, =3 € A and for some real number > 1.

Then (%,d, ) is known as a b-metric space. Further,
(U,d, 4=)is a partially ordered b-metric space if (%, <)
is a partially ordered set.

Definition 2 [31] Let (%, d, s) be a b-metric space. Then

(1) a sequence { »,} is said to converge to «, if

lim d(zy, ») =0andwrittenas lim «#, =
n——+o00 n—+00

(2) { #n} is said to be a Cauchy sequence in %, if
lim d(ﬂn, 4}’}1) =0.

n,m—~+00

(3) (U,d, ) is said to be complete, if every Cauchy
sequence in it is convergent.

Definition 3 [33] If the metric d is complete then
(U,d, 5=) is called complete partially ordered b-metric
space (CPOb-MS).

Definition 4 [33] Let (%, <) be a partially ordered set
and let /7 : % — U are two mappings. Then
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(1) 7 is called a monotone non-decreasing, if
T(2) = T(£) forall,, £ € U with.< £

(2) an element ~€ % is called a coincidence
(common fixed) point of 7 and /7, if
So=T o fo=T 0= 0.

(3) / and 7 are called commuting, if /7 »= 7 /=,
forall € %.

(4) / and 7 are called compatible, if any sequence
{ zn} with lim,. oo Son =liMps 00 T oy =, forp € U
then nkrfwd(.ﬁ.//?gn,/ﬂ an) = 0.

(5) a pair of self maps ( /;7) is called weakly compati-
ble,if /T »= 7%, when7 »= /% for some~ € .

(6) .7 is called monotone ,”-nondecreasing, if
Sa= = T 2= T 4forany - Z€U.

(7) a non empty set % is called a well ordered set, if
very two elements of it are comparable i.e., » < #
or < a, forall , £< %U.

Definition 5 [4, 24] Suppose (%,=<) be a partially
ordered set and let 7 : % x U — % and /" U — U be
two mappings. Then

(1) 7 has the mixed ,’-monotone property, if . is
non-decreasing »“-monotone in its first argument
and is non-increasing »“-monotone in its second
argument, that is for any », #€ %

@1, @ €U, /zl j/zz — ,7(41, /) =< rf(ﬂz’ /)and
A, B EU, JA R St = T A) = T(w A).

Suppose, if /" is an identity mapping then . is
said to have the mixed monotone property.

(2) an element (o #) € U x U is called a coupled
coincidence point of 7 and /, if (4 #) ==
and 7(4 ») = /7 . In particular, if / is an identity
mapping then (» #) is a coupled fixed point of 7.

(3) element ~ € % is called a common fixed point of 7
and /,if T(# o) = 7=

(4) 7 and  are commutative, if for all » 7€ %,
T f0) = AT 0T £).

(5) 7 and / are said to be compatible, if

lim dGAT(ons 40))s TG s /%)) = Oand

11— 400

nlllir’_lood%y(4l ”1’1))7 9‘9/4, //;’1’1)) = 0)

whenever { 4} and{ 4} are any two sequences in %
such thatlimy,— yoo T (s 47) =limys 100 fom = =
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and  limy— 400 Z(4y a) =limys 100 /% =7,
forany » #€ %U.
The following lemma will be used in the case of
sequences convergence in a b-metric space (%, d, 4 <).

Lemma 6 [4] Let (U, d, 4 =<) be a b-metric space with
s > 1 and suppose that { =,} and { 4;} are b-convergent to
~and £ respectively. Then

1
?d(”, £) < ngrfminfd(mn, ) < ngrfoo

supd(wn, 4p) < Fd(s 4.

In particular, if »= £, then lim,_, oo d(wm, 4)=0.
Moreover, for each t € U, we have

1
—d(41) < lim infd(zy, 1)
J n——+00

< lim supd(ey,t) < d(47).
n——+00

Main results
Throughout the paper, we use the following distance
functions.

A self mapping ¢ defined on [0, +00) is said to be an
altering distance function, if it satisfies the following
conditions:

(i) ¢ 1isa continuous and non-decreasing,

(i) ¢(t) =0t =0.

Let us denote the set of all above altering distance func-
tions on [0, +-00) by ®.

Similarly, W denote the set of all
¥ 1 [0,+00) — [0,400)  satisfying  the
conditions:

(i) v is lower semi-continuous,

(ii) (@) =0=t=0.

operators
following

Let (%, d, s <) be a partially ordered b-metric space with
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d gg./ 1+d a,y(z
N (% & = max{ 4 I/Td( (df )],d(ﬂ, 4}.
(2)

Let ¢ € ®andyy € V. The mapping 7 is called an almost
generalized (¢, {)s-contraction mapping if it satisfies the
following condition:

SGAT 0T £)) < Gl (s £)) ~ (N (5 £, 3)

forany », £€ U with.=< 7.

Now, we start this paper with the following fixed point
result of a mapping satisfying an almost generalized
(¢, ¥)s-contraction condition in partially ordered b-met-
ric space.

Theorem 7 Suppose that (%,d, 5 <) be a CPO b-MS
with parameter s> 1. Let I : U — U be an almost gen-
eralized (¢, V) -contractive mapping, and be continuous,
non-decreasing mapping with regards to <. If there exists
certain =g € U with o < 7 =, then I has a fixed point
inu.

Proof If for some ~9 € % such that J ~o = »9, then
the proof is finished. Assume that -9 < 7 ~g, then
define a sequence { #,} C % by my1 = 7 an, for n > 0.
Since Z is non-decreasing, then by induction we
obtain that

“0<=a/.¢0=“1§""§ f/lnfg.’ln=¢n+lﬁm~
(4)
If for some ng € N such that » ,, = # ;,,+1 then from (4),
@ 15 a fixed point of J~ and we have nothing to prove.
Suppose that =, # 4,41, for all » > 1. Since = , > = 1
for any #n > 1and then from contraction condition (3), we
have

¢(d(d/n’ ﬂn-&-l)) :¢(d(g‘ﬂn_1,g‘!ln))
§¢(,4 d(g.anfl;«a/‘ﬂn))
< (M (2n-1, #n))

parameter > 1and let 7 : % — % be a mapping. Set — U (N (o1, on)). (5)
AAT V1 +d( T 2| AT £ )+d(~, T 2 _ (1)
—ﬂ(”a%)—max{ 1+d(”7/) ) 2, 1d(")J”/))

A2, T £),d(s /)},

and
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From (5), we get

1
d(”ﬂl Wn+1) = d(yﬁnflr g_”ﬂ) = j%(”nfli W)»

(6)

where
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Proof From Theorem 7, we construct a non-decreas-
ing Cauchy sequence { #,} in % such that -, - pn € %.
Therefore from the hypotheses, we have », < u for all
n € N, which implies that 4 = sup «,.

Now, we prove that u is a fixed point of 7, that is
I = . Suppose that 7 # . Let

d(ﬂn» 9_“71) [1 +d(¢n7113_ﬂn71)] d(fln—ly yﬂn) +d(4n79~¢n—1)

M(2y—1, »n) = max
( n—1 Vl) { 1+d(¢n_1y ﬂn)

’ ’

24

d(ﬂn—l’g—ﬂn—lxd(”fnwa/—fifn)yd(ﬂn—b ﬂn)}

d(“’n—b ﬂn—)—l) +d(ﬂ’n’ fl‘fn)

= max{d(,z,,, ﬂl’H—l)’ 2,

d(ﬂnfl» ﬂn) +d(“nr ”n+1)

’ d(ﬂn—ly ﬂn)}

< max{d(a/n, !én+l)r 2

< max{d(en, ent1),d(en—1, @n)}.

)d(”/}’l—ly ”}’1)}

If max{d(!pn, 47,4_1),61(47,_1, arn)} = d(:&n, d’»n_l'_l) for some
n > 1, then from (6) follows

1
d(”ﬁ; ”4'1+1) = *d(ﬂm ﬂn+1)»
g
which is a contradiction. This means that max{d(~,;, #;+1),

d(zp_1, #n)} = d(2y_1, =n) for n > 1. Hence, we obtain
from (6) that

1
d(ﬂn: ﬂn—Q—l) =< 7d(ﬁ1’l—1) dn)~
P}
Since, l} € (0,1) then the sequence { +} is a Cauchy
sequence by [1, 7] But % is complete, then there exists

some € % such that -, — u.

Also from the continuity of 7, we have

Iu=9(lim )= lim J 4= lim 441 =u.
n——+00 n——+00 n——+00
Therefore, w is a fixed point of 7 in %. O

By relaxing the continuity property of a map .7 in The-
orem 7, we have the following result.

Theorem 8 In Theorem 7, assume that U satisfies

if a non-decreasing sequence { ~,} — @ € %, then
an 2w, foralln € N, ie., u = sup .

Then a non-decreasing mapping 7 has a fixed point in %U.

a(u, Ti) [1 + d(an, ydn)]
1+ d(ﬂn; /L)
Ad(an, T) +d(, T )
24
d(”nr jﬂn)’
d(/,L, «710, d(”n: M)},

M 2y, 1) = max{

’

’

and

N ey 1) = max( LT 1+ d(n, T n)]

» A (s )}

L+ d (s 1)
Letting n — +o00 and using nEToo an = |, We get
d(p, Ti)
i — 7
ngr}r‘loo =ﬂ(”m //L) - max{d(,u, JM)! 2, ’ O} (7)

=d(u, T,
and

nEToo N (emy ) = max{d(u, T),0} = d(u, Tp).
8)
We know that -, < u, for all # then from the contraction
condition (3), we get
¢ (A (i1, T) = AT o, TI)
< ¢A(T an, TW)
< ¢ (M (s 1))
L ACACHD)E 9)
Letting n — 400 and from the equations (7) and (8), we
get
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o d(, T) < pd(p, 7)) — wd(p, Tp)) < d(d(in, Tin)),

(10)
which is a contradiction under (10). Thus, Ju = u, that
is 7 has a fixed point p in %. O

Now we give the sufficient condition for the uniqueness
of the fixed point that exists in Theorems 7 and 8.

every pair of elements has a lower bound or an upper bound.

(11)

This condition is equivalent to,

for every » /'€ %, there existsw € %
which is comparable to ~ and #

Theorem 9 In addition to the hypotheses of Theorem 7
(or Theorem 8), condition (11) provides the uniqueness of
the fixed point of 7 in U.

Proof From Theorem 7 (or Theorem 8), we conclude
that 7 has a nonempty set of fixed points. Suppose that
# and # be two fixed points of 7 then, we claim that
# = /. Suppose that -* # £, then from the hypothesis
we have

QAT T L) <G dT & T 7))
< Q" )
— YN (F ).

(12)

Consequently, we get
1
d.*, £ =d(T T %) <~ (" 77, (13)
J

where

AT £ +d(* T ) dT ) +d(45 T )
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which is a contradiction. Hence, , * — ,*. This com-
pletes the proof. O

Let (%,d, » <) be a partially ordered b-metric space
with parameter , > 1, and let .7, /: % — % be two map-
pings. Set

A4 T H\1+d(/ T
M A /) = max{ i lfcgg/%//é )],
A/ T B +d(/ 4 T )
2., ' (14)
A/ s T ),
A/ 4T 4,
/s /75),

and

A7 T H1+d(/nT 2|
1+d(/m /7) ’

N A #f =max {
d%//)}.

(15)

Now, we introduce the following definition.

Definition 10 Let (%,d, 5 <) be a partially ordered
b-metric space with s> 1. The mapping 7 : U — U is
called a generalized (p,V),-contraction mapping with
respectto /U — U for some p € ®andy € W, if

$A(T T 7)) < ¢ (M ( ) — YN (s ),
(16)
Jor any o Z€ U with 2= /7, where M A /) and
N A 4 are given by (14) and (15) respectively.

Theorem 11 Suppose that (U,d, 4 <) be a CPO b-MS

M(*, £ = max{

’

1+d(* £
AT £, d(*, £

A", £ +d(*, )] d* £ +dT, )

,d ﬂ*,g_%* 3
oy ( )

= max{

’

1+d(* 75
d(/*r /*)!d(¢*¢ /*)}
d(.*, 7

g

= max{0,

yd !l*; 4* ’
P ( )

A", £y =d (5, 7).

From (13), we obtain that

d(”*’ /*) = 1d(‘&*r /*) < d(”*r /*)1

with s> 1. Let T :%U — U be an almost generalized
(¢, V) ,-contractive mapping with respect to /" U — U
and, 7 and ,/ are continuous such that 7 is a monotone
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/-non decreasing mapping, compatible with , and
TU S SU. If for some € U such that Jmy =T =,
then 7 and ,/ have a coincidence point in U.

Proof By following the proof of Theorem 2.2 in [9], we
construct two sequences { 4} and { 4;} in % such that

lp =T ap = fans1 foralln >0, (17)
for which

S =2 fal S R o 2 gl S e (18)
Again from [9], we have to show that

A(41, tas1) < 2d(45-1, %), (19)

for all » > 1 and where 1 € [0, %). Now from (16) and
from the equations (17) and (18), we have

(A4, 441) = $(A(T o, T ni1))

< oM Ay mt1)) — Y (N A, ﬂnJr(l));
20

where
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If 0 <d(4-1, 4) <d(4, 4+1) for some n €N, then
from (21) we get

(A4, 441) < ¢ (4 411)
— ¥ (d(4 4r1) < dd(4, 441),

(22)
or equivalently
s d(dny Iny1) < d(dyy Fpi1)s (23)
which is a contradiction. Hence from (21) we have
sd(tpy 1) < d(dy-1, ). (24)

Thus equation (19) holds, where 4 € [0, %). Therefore
from (19) and Lemma 3.1 of [21], we conclude that
{ 4} ={7 m} = { fnt1} is a Cauchy sequence in % and
then converges to some . € % as % is complete such that

lim 7 4 = lim /& =p.

n——+00 n—+00

Thus by the compatibility of 7 and 7, we obtain that

lim AT o), T)) =0, (25)

dV“n«I»l: =7“Vl+1) [1 + dV‘&n’ =6/.”71)]

:ﬂ/(an, m+1) = max{

L+d(mm, fons1)
AV o, T amt1) + A1, T o)
24
d(/ﬂ'n+1:9—”n+1); d%ﬂm %’ﬂrﬁl)}

d(/;: 4+1)[1+d(4—1r 4)] d(%—l’ 4+1)+d(41 4)

’

) dg/ﬂn: 9.”71),

:max{ 1+d(4_1, 4) » 7, :d(4—17 4);
d(41 4+1)’d(4—17 4)}
d(4_1, « a4, 4
Zmax{d(éy 4+1)y ( 1 4);’; (4 +1),d(/n71, 4)}
< max{d(4;, 41),d(4-1, 4)}
and
a1, T 1+d(/o, T ay
W oy ps) = max 2 = :’;*(2[ %ﬁz) W 4 o)
. d(/z: 4—0—1) [1+d(4—1’ 4)]
= max T d(l-1, 4))

Zmax{d(4—lr 4)161’(41 4+1)}~

Therefore from the equation (20), we get

¢ (A (4, 411) < ¢ (max{d(4-1, 4),d (%, 411)})

- 1ﬁ(max{d(4—1, 4)7d(4) 4—1—1)})
(21)

and from the continuity of 7" and ,”, we have

llm Kﬁ‘aﬂ) :ﬁj,,

n—+oo

3 a7 { — I
nkToo Tfm) = T
(26)
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Further by the triangular inequality a metric d and from
the equations (25) and (26), we get

1
Zd(ju’ ) < d( T, T(fm)) + A(T (o),
AT ) + AAT @), fimu). (27)

Finally, we arrive at d(Jv, /¥) =0 as n — +oc in (27).
Therefore, v is a coincidence point of 7 and /" in%. O

Relaxing the continuity criteria of /" and .7 in Theo-
rem 11, we obtain the following result.

Theorem 12 [n Theorem 11, assume that U satisfies
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and
A/, T [1+ d(foan, T a)]
/V/(”Vl:ﬂ*) = max{ 14+ d(/ﬂn) ﬁi’lu) ’
A/ on, finu)}
— max{d(/J, 71), 0}
=d(/ i, Tp)asn — 400.

Therefore the equation (28) becomes
¢(v/n£rfoo AT o, T) < $@A 1, TI))
—Y@d( w T) < ¢ 1, Ti)).

Consequently, we get

for any non-decreasing sequence { /%,} C % with ., Er-il:loo Som = f7in /U, where
/U is a closed subset of % implies that /%, < /" » /2< /(/ ) forn e N.

If there exists « € U such that //?4) < T «, then the
weakly compatible mappings 7 and , have a coinci-
dence point in U. Moreover, 7 and , have a common
Sfixed point, if 7 and ,° commute at their coincidence
points.

Proof The sequence, { 4} ={7 o} ={/ms1} is a
Cauchy sequence from the proof of Theorem 11. Since
AU is closed, then there exists some u € % such that

lim J 4, = lirr Syl = /M.

n—+oo n—+o00

Thus from the hypotheses, we have %, < /#mu for all
n € N. Now, we have to prove that u is a coincidence
point of 7 and /.

From equation (16), we have

S AT ans T)) < M ey 1)) — Y (N s 1),
(28)

where

A/, T 1+ d(fan, T an)]

1

n—-+o0o

Further by triangular inequality of a metric d, we have

1
“difi, Ti) < difi, T o) + AT, Ti),  (30)

thus (29) and (30) lead to contradiction, if /mu # .
Hence, /mu = . Let /imu = T = p, that is 7 and

/ are commute at p, then 7p = T(M) = ATu) = /7ho.
Since /mu = A1) = /7ho, then by equation (28) with

smu = Jpand Srho = Tp, we get
(AT, Tp)) < ¢ (M1, )
— V(N A, p)) < ¢d( T, Tp)),
or equivalently,

AT, Tp) <d( T, Ip),

M ) = X

d%n: Tu) + d(/ﬂy T an)

24

d%m T an), d(/ﬂr T ), dg/ﬂn; ﬁ”lu)}

— max{d(/l, Ti),
=d(/ i, T)asn — 400,

ay/ i, Ti)
24

,0,d (1, Ti), 0}
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which is a contradiction, if Ju # Jp. Thus,
I =JTp=p. Hence, T = ,¥ho = p, that is p is a
common fixed point of 7 and /. O

Definition 13 Let (%,d, 4 <) be a CPOb-MS with
s>1, ¢pePand ¢y € V. A mapping T : U x U — U is
said to be an almost generalized (¢, ¥),-contractive map-
ping with respect to /- % — % such that

$(fd(T (s 9, T(p,7) < (M, (s 4p,7))

for all » 4p,v €% with /2= /rho and /7> ,tau,

k > 2 where

31)

{de, T, N1 +d(/n T4 £))]
L4+d(/% /p) ’
24 ’
d(//i’“g/-(”’ J)é)rd(//;or?(pr T));d '/«;/4 /I/O)}:

M A £p,T) = max

and

Al p, T(o, N1+ d(fo T (s £))]
1+d(/s /p) ’

N Aw 4p,7) =maX{
(/s /p)}.

Theorem 14 Let (%, d, 4 <) be a CPOb-MS with ,> 1
. Suppose that T : U x U — U be an almost generalized
(¢, V) ,-contractive mapping with respect to /- U — U
and, 7 and , are continuous functions such that T
has the mixed , -monotone property and commutes

6 (F84) < pmax{d (o, foni1), A anits fans2)s @G Yy /1), A lrsts fFns )
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¢(fd(ni1, foni2) = ¢S d( Ty 4),
T(mt1s %41)))
< QM Aoy gy ms1s dr1))
— YN Ay by omt15 Ga1))s
(32)

where

M Ay by ans1s tar1) < max{d (S, fanin),
d%’w+l: //¢n+2)}

and

JV/{”‘VI: 41 n+1> 4+1) =max{d§///”7lr //;71+1);
A/ st foni2)}

Therefore from (32), we have

¢Fd(mi1, fomi2) < d(max{d(fom, foni1)s
A1, foni2)})
- W(max{d%ﬂ: /”’VH—I)’
A/, fomi2)})-

(33)
Similarly by taking »= 4,11, /= m+1, 0 = o, T = a In
(31), we get

¢ (Fdy 1, f412) < dmax{d (4, /i),
A %1, S 2)})
— Y (max{d(/%;, /%11),
A 15 S %42))).

(34)
From the fact that max{¢(c1),¢(c2)} = ¢p{max{cy,c2}}
for allc1, ca € [0, +00). Then combining (33) and (34), we
get

— Y (max{d(/on, font1), A ant1s fons2)s AUty fopi1)s A Toni1s f7ng2)))

with /. Also assume that T(U x U) < AU). Then T
and , have a coupled coincidence point in U, if there
exists (w0, 4) € U X U such that ,/m < T (=, 4) and

Proof From the hypotheses and following the proof of
Theorem 2.2 of [9], we construct two sequences { ,} and
{ 4} in % such that

//”41+1 = T (m, 4)» /4+1 = 3.(41 )y foralln > 0.

In particular, { /%,} is a non-decreasing and { /%} is a
non-increasing sequences in %. Now from (31) by replac-
iNg»= wy, £= lg,p = aps1,T = 441, We get

(35)
where
8n = max{d(/any1, foni2), A/ lv1, S 2)}
(36)
Let us denote,
A, =max {d(/wm/wn-i-l),
d(/”}’H‘l’ //”4’[+2)y
A4 fhd(f dsnf 4@}. o

Hence from the equations (33)-(36), we obtain that
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Koy < A (38)
Next, we prove that

Sn < Adu—1, (39)
for all # > 1 and where 1 = i} € [0,1).

Suppose that if A, = §, then from (38), we get k8, <8,
which leads to §, = 0 as s> 1 and hence (39) holds. If

Ay = max{d%ﬂ» /”n+1)’ dV%; //Z—O—l)}: ie, Ay = 8,1
then (38) follows (39).

Now from (38), we obtain that §,, < 2"8p and hence,
A( i1y fony2) < X80 and d (/%4 1, /Z42) < V8.

Therefore from Lemma 3.1 of [21], the sequences { /%}
and { /%,} are Cauchy sequences in %. Thus, from Theo-
rem 2.2 of [5], we conclude that .7 and " have a coinci-
dence point in %.

Corollary 15 Let (U, d, 4 <) be a CPOb-MS with s> 1,
and T U x U — U be a continuous mapping such that
T has a mixed monotone property. Suppose there exists
¢ € ®andy € Vsuch that

¢(Fd(T(w 4,7(p, 1)) < (M (4 4p,7))
- W(JV/ (”ﬂ Zp,f)),

forall o, £p,T € U with .= pand £> t,k > 2 where

d(p, 7(p, D)1+ d(s T (s £))]
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1

K
1

- ?w(w/(”v Zp,f)),

d(y’/’a /)»«7(,0:'5)) < ﬂ/(”ﬂ /P»T)

forall o, £p,T € Pwith.=< pand #= t,k > 2 where

1+d(ap)
2, ’
d(p, 7(p,7)),d(= p)},

M £, ) = max|

’

and

d(p, 7(p, [l + d(e T )]
14+d(4p)

)

N A 4 p,T) =max{

d(ap)}.

If there exists (g, %) € U X U such that = = T (0, %)
and % = I(4, ) , then T has a coupled fixed point in
U.

Theorem 17 In addition to Theorem 14, if for all
(% &,(r,s) € U x U, there exists (c*,d*)e U x U
such that (7(c*,d*), 7(d*,c*)) is comparable to
(T £),T(4 2)and to(T(r,s), T (s,r)), then T and
have a unique coupled common fixed point in U x %U.

Proof From Theorem 14, we know that there exists at

d(sT(p, 7)) +d(0, T(m £))

M Aw 4p,T) = max{ T+ d(sp)
2

’

24

d(%y% /))’d(pxj(pxt))rd(”ap)}!

and

d(,O, 9'(,0,‘()) [1 —|—d(%3~(¢, /))]
14+ d(4p)

N A 4 p,7) =max{
d(=p)}.

Then 7 has a coupled fixed point in U, if there
exists (g, &) € U X U such that « < IT(x, 4) and
4 = 3-(%’ “0)'

)

Proof Set /= Iy in Theorem 14. O

Corollary 16 Let (U,d, 4 <) be a CPOb-MS with s> 1,
and T : U x U — U be a continuous mapping such that
T has a mixed monotone property. Suppose there exists
Y € W such that

least one coupled coincidence point in % for .7 and /.
Assume that (», 4 and (r, s) are two coupled coincidence
points of I and /7, ie, T(m J =2, T(4 ») =,/7
and J(r,s) = /7, J(s,r) = /5. Now, we have to prove

that /%= /#and /7= /5.

From the hypotheses, there exists (c*,d*) e U x U
such that (7(c* d*),7(d* c*)) is comparable to
(I &,7(4 2)and to(T(r,s), I(s,r)). Suppose that

(I(w 4,74 2)
< (J(c*,d*), Td", c*)) and (7(r,s), T (s, 7))
< (J(c*,d*), Td", c)).

Let ¢f=c¢* and dj=d* and then choose

(c5,d%) € U x U as
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/6 =T, dg), /AT =

By repeating the same procedure above, we can obtain
two sequences { /é,’;} and { /“d};} in % such that

S ), Sy = ¢y) (n>0).

Similarly, define the sequences { /7,}, { /%;} and { /7,},
{ 754} as above in % by setting .0 = », 4 = # and rg =1,
so = s. Further, we have that
/éﬁ% <9~(”‘1 4 /4_> g—(fﬂ)’ ﬁn - 3—(7',3),
ﬁ,, — J(s,r) (m>1).

Since, (T £),T(4 2) = (fo f7) = (a1, f/71)
is comparable to

(I(c*,d*), 7d*, c*) = (/c*, /d*) = (Y, /d}) and
hence we get (/%1, /A1) < (/¢}, /d%). Thus, by induc-
tion we obtain that

ons fS7n) < (SCpy fdy) (n > 0).
Therefore from (31), we have
9@\ fG50) < dCPd s f10)
=¢d(T (s £),T(c;,,dy)))
< @M o Ky dy)
YN £ d)),

""(do,co) (n>1).

= 7(c, d T(dr,

(40)

where

A/t T(ch d) 1+ d (/o T(a £)))
1+d(/m /6 '
Ay T ey di)) +dy/6;, T £
24
A\ Ty £)),d(/E, T
ays /) /@

M A, 4ck,dy) = max{

T(cp d)), d(/ s /C,))
= max{0, ,0,0,d(/% /¢)}

= Ay /5

and

dy/e, T, &) [1+ d(/a T(a 4)]
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¢G4/ dy ) < 9dG7 S dy) — v (d 4/ dy).

(42)
From (41) and (42), we have
$(max{d (/s /C01),d(/4 /i 1))
< ¢p(max{d(/% /¢}),d(/4 /d})}) 43)

— Y(max{d (/s 6, d(F fd))
< p(max{d(/is /65), (/% fE5)).

Hence by the property of ¢, we get
max{d (/% /C,11),d(% /d, )}
< max{d(/a /60, d04 /8,
which shows that max{d(/% /¢}),d(/4 /d})} is a

decreasing sequence and by a result there exists y >0
such that

nEToo max{d (/% /¢y),d(/% /d;)} = y.
From (43) taking upper limit as # — +00, we get

o) =o(y) — v (),
from which we get ¢ (y) = 0, implies that y = 0. Thus,

: * V)
nEToo max{d (/% / c),d(/7, /d;)} = 0.
Consequently, we get
— 21%
ngr}rloodg/iz,/c ) = 0and hm d(////d ) =0.
(44)
By similar argument, we get
ngr-il:loo ay’r, /7 ¢;) =0and HETOOst,/ di) =0.
(45)

Therefore from (44) and (45), we get /== ,"r and
7= ,"s. Science JSa=T(s ) and 7= T(4 ),
then by the commutativity of 7 and /7, we have

./V/(az, 4, dy) = max{
= di /)

1+ dVﬂ; ﬁ;})

Ay /6))

Thus from (40),

A fC01)) < Do f6)) — U (d(n fC5)).

(41)

As by the similar process, we can prove that

D= (T ) =T 7 )and /()
= (T4 D) = T4 /2.

Let /%= a"and /7 = b* then (46) becomes

(46)
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Aa*) = T(a*,b*) and Ab*) = T(b*,a"), (47)

which shows that (a*, b*) is a coupled coincidence point
of 7 and /. It follows that Aa*) = /7 and Ab*) = /%
that is Aa*) = a* and Ab*) = b*. Thus from (47), we
get a* = Aa*) = 7(a*,b*) and b* = Ab*) = T (b*,a*).
Therefore, (a*, b*) is a coupled common fixed point of 7

and /.

For the uniqueness let (#*,v*) be another coupled
common fixed point of 7 and /7, then we have
uw' =,/"u"=Jw,v*) and v*'=/v"=T0"u").
Since (u#*,v*) is a coupled common fixed point of
7 and /7, then we obtain that /%" =% =a* and
SV =,7=b" Thus, u*=,/u"=,4a"=a* and
v = /v = /b* = b* Hence the result. O

Theorem 18 [n addition to the hypotheses of Theo-
rem 17, if /m and /% are comparable, then T and /
have a unique common fixed point in .

Proof From Theorem 17,.7 and , have a unique cou-
pled common fixed point (- 4 € %. Now, it is enough to
prove that » = /. From the hypotheses, we have /% and
/%4 are comparable then we assume that /7 < /%.
Hence by induction we get /%, < /%, for all n >0,
where { /7,} and { /7%;} are from Theorem 14.

Now by use of Lemma 6, we get

1
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Proof Set N (4 /)= M (s #)in a contraction condi-
tion (3) and apply Theorem 7, we have the required proof.
|

Remark 20

(i). The fixed point and its uniqueness exists for a non-
decreasing mapping .7 in % satisfying the contrac-
tion condition (48) by following Theorems 8 & 9
under the same hypothesis.

(ii). One can obtains the coincidence point, coupled
coincidence point and its uniqueness of the map-
pings 7 and  in % by following Theorems 11
& 12 and Theorems 14, 17 & 18 from the contrac-
tion condition (48) by taking .# (», #), M A /),
/%/(a, 4 p,t) and the conditions upon ¢,y are
same as above defined.

Corollary 21 Suppose that (%,d, 4 <) be a CPOb-MS
with s> 1. Let 7 : U — U be a continuous, non-decreas-
ing mapping with regards to <. If there exists k € [0, 1)
and for any «, £€ U with » < £ such that

AAT A1+ d(4T 2)

k
AT 0T 4 < ;max{ Tt dn 7 ,
AT B+ d(4T 2) (49)

24
A T 2),d(4T #,d(x 4.

If there exists « € U with .0 <X T «, then T has a fixed
point in%U.

P, ) = ¢S 5d(s ) = lim sup @S, # ni1))
ZHEIEOOSUP(]ﬁ(Jkd(e?(ﬂm /n)wa/.(/m (171)))
=< nETooSup¢(ﬂ/’ (o> & s £ 1y m)) _ngr-{—looinfw(m/7 (o & o & o))
< ¢(d(¢, /)) —ngl’fooinfl/l(ﬂ//’ (”41: 4» 4’ ”41))

<¢d(s £)),

which is a contradiction. Thus, » = /', i.e,.7 and / have
a common fixed point in %. O

Corollary 19 Suppose (%, d, 5 <) be a CPO b-MS with
parameter s> 1. Let I : U — U be a continuous, non-
decreasing map with regards to < such that there exists
) € U with «p < T «. Suppose that

$A(T & T B) < P(M(w B) — Y (M (s £)), (48)

where M («, & and the conditions upon ¢, are same as
in Theorem 7. Then I has a fixed point in %U.

Proof Set ¢@)=t and ()= 1A—-k)t, for all
t € (0, +00) in Corollary 19. [l

Note 1 Following Theorem 8, a fixed point exists for a
non-decreasing mapping 7 in Corollary 21.

We give the following examples of the results obtained
in different cases such as continuity and discontinuity of
a metric d in a space %.

Example 22 Define a metric d : % x 9% — % as below
and < is an usual order on %, where % = {1, 2, 3, 4, 5, 6}
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Am /Y =d(£ 5 =0, if , #=1,2,3,4,5,6and v= 4
A £Y=d(£ =3, if » £=1,2,3,4,5and » % 4
dm /)Y =d(£ 5 =12, if »=1,2,3,4and /= 6,

d(m #)=d(4 2 =20, if »=5and /= 6.

Define a map J:%—% by J1=92=93=
TJ4=75=1,76=2 and let ¢(t) =5 y(t) =% for
t € [0,400). Then 7 has a fixed point in .

Proof 1t is obvious that for ,= 2, (%, d, 4 <) is a CPOb-
MS. Consider the possible cases for «, /" in %:

Case 1. Suppose  £€{1,2,3,4,5}, ~< # then
AT 7 £)=d(1,1) = 0. Hence,

PQA(T 5T £))=0=¢(M(w £)) =Y (M( ).

Case 2. Suppose that ~€({1,2,3,4,5} and /=6,
then d(7 ,7 4 )=d(1,2)=3, .#(6,5 =20 and
M(46) =12, for » € {1,2,3,4}. Therefore, we have the
following inequality,

¢QA(T T £)) < = (M (5 ) =Y (M(5 ).

,ﬂ(ﬂ, /)
4
Thus, condition (48) of Corollary 19 holds. Furthermore,
the remaining assumptions in Corollary 19 are fulfilled.
Hence, 7 has a fixed point in % as Corollary 19 is appro-
priate to 7, ¢, ¥ and (%, d, 4 =<). O
d:UxWU— U where

Example 23 A metric

1
2
0 ;U(’":/
3 1 ,if «# £ €{0,1}
d(s £) = \(z—/|,lfﬂ,/€{01 I:n#mzl}
2

’ 21’ 2m
, otherwise.

A map 7 : % — U be such that 70 = 0, 7+ = - for all
n>1landlet ¢p(t) =t, ¥() = % for t € [0, +00). Then,

J has a fixed point in %.

Proof It is obvious that for , = %, (%,d, 5=<)isa CPOb-
MS and also by definition, d is discontinuous b-metric
space. Now for », #€ % with » < #, we have the follow-
ing cases:

Case 1. If ~.=0 and /:%, n>1, then
AT 2T £)=d0,5.)=15. and M(4 £)=1 or

M4 £) ={1,2}). Therefore, we have

M £)

z =M ) =Y (M (s £)).

¢<%d(fm7/)> <

Case2.If , = %and/ = %withm > n > 1, then

Page 12 of 13
1 1 1 1
AT T £)=d(——, —)and M (s £) > — — —
12m 12n n m
or M(s ) =2.
Therefore,

12
¢<?d(9‘4,§/)> =< ) =M (e £)) =Y (M (s /).
Hence, condition (48) of Corollary 19 and remaining

assumptions are satisfied. Thus, 7 has a fixed point in %.
O

Example 24 Let % = C|a, b] be the set of all continu-
ous functions. Let us define a b-metric d on % by

d(61,62) = sup {|61(t) — 62(6)|*}

tela,b]

for all 61,02 € % with partial order < defined by 6; < 65
ifa<61(t) <6(t) <b, forall t € [a,b], 0 <a < b. Let
T U — U be a mapping defined by 70 = %,9 € U and
the two altering distance functions by ¢ (t) = ¢, ¥ (¢) = %,
for any t € [0, +00]. Then 7 has a unique fixed point in
U.

Proof From the hypotheses, it is clear that (%, d, 4 <)
is a CPOb-MS with parameter » = 2 and fulfill all condi-
tions of Corollary 19 and Remark 20. Furthermore for any
61,0y € U, the function min(61, 03)(t) = min{0; (¢),02(¢)}
is also continuous and the conditions of Corollary 19 and
Remark 20 are satisfied. Hence,  has a unique fixed
pointf = 0in%. O

Limitations

The existence and uniqueness of a fixed point for a self
mapping satisfying a generalized weak contraction
in CPOb-MS is proved. Furthermore, the results are
extended for obtaining the coincidence point and cou-
pled coincidence point for two mappings in the same
context. The results can be further extended

e to triple and quadruple mappings for fixed points
and

o to discuss the results in various spaces with neces-
sary topological properties.
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