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Abstract

Objectives The notion of Bipolarity based on positive and negative outcomes. It is well known that bipolar models
give more precision, flexibility, and compatibility to the system as compared to the classical models and fuzzy models.
A bipolar fuzzy graph(BFG) provides more flexibility while modeling human thinking as compared with a fuzzy graph,
and an interval valued bipolar fuzzy graph(IVBFG) has numerous applications where the real-life problem are time
dependent and there is a network structure complexity. The aim of this paper is to introduce an interval-valued bipo-
lar line fuzzy graph(IVBFLG).

Result In this paper, we have proposed the notion of an IVBFLG and some of its characterizations. Also, some

propositions and theorems related to an IVIFLGs are developed and proved. Furthermore, isomorphism between two
IVIFLGs toward their IVIFGs was determined and verified. As a result, we derive a necessary and sufficient condition for
an IVBFG to be isomorphic to its corresponding IVBFLG and some remarkable properties like degree, size, order, regu-

with the examples.

Isomorphism

larity, strength, and completeness of an IVBFLGs have been investigated, and the proposed concepts are illustrated
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Introduction

A graph structure is an appropriate method for solving
combinatorial problems in computer science and soft
computing systems. So that, researrhers By using classi-
cal graph The concept of bipolarity appears to pervade
human decision making and understanding of explicit
handling of positive and negative sides of information
in the development of technology, which is very useful
in cooperation and competition, friendship and hostil-
ity, common interests and conflicting interests, effect and
side effect, likelihood and unlikelihood, feed forward and
feedback [1].

*Correspondence:

Keneni Abera Tola

keneniabera460@gmail.com

! Department of Mathematics, Wollega University, Nekemte, Ethiopia

B BMC

In 1965, Zadeh replaced the classical set with a fuzzy
set, which gives better exactness in both theory and
application [2]. Afterwards, Kauffman proposed fuzzy
graphs based on Zadeh’s fuzzy relations [3]. Later on,
Rosenfeld [4] discussed the fuzzy analogue of many
graph-theoretic concepts. Following this, researchers
began to introduce many classes of fuzzy graphs, and
they have made remarkable advances with impressive
applications of fuzzy theory.

In 1994, Zhang [5] incorporated the idea of bipolar
fuzzy sets as a generalization of fuzzy sets to overcome
the double-sided thinking nature of humans in deci-
sion making. As explored in [6], a bipolar fuzzy set is an
extension of Zadeh’s fuzzy set theory whose member-
ship degree range is [— 1, 1]. In a bipolar fuzzy set, the
membership degree of 0 of an element means that the
element is irrelevant to the corresponding property, the
membership degree (0, 1] of an element represents what
is considered possible to the corresponding property,
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and the membership degree [— 1, 0) represents what
is considered impossible or somewhat satisfies the
implicit counter property corresponding to a BES [7].
On the other hand, positive information describes what
is possible, acceptable, permitted, wanted, or thought
to be desirable, while negative information describes
what is rejected, forbidden, or impossible. Accord-
ing to Bosc and Pivert, Bipolarity is the propensity of
th e human mind to reason and make decisions on the
basis of positive and negative effects [8]. This set is pre-
sented for cognitive modeling and multiagent decision
analysis.

Bipolar fuzzy graphs have recently received a lot
of attention from researchers. Akram and others pre-
sented the idea and the symbolization of the bipolar
fuzzy graph (BFG), and also investigated the metric
in bipolar fuzzy graphs, regular bipolar fuzzy graphs,
irregular bipolar fuzzy graphs, antipodal bipolar fuzzy
graphs, and bipolar fuzzy hypergraphs, as well as sev-
eral properties with applications [9-14]. This notion
was connected with the existence of bipolar informa-
tion about the given set. The BFG can be used to model
many problems in economics, operations research, etc.
involving two similar, but opposite type of qualitative
variables like success and failure, gain and loss [15].
A defined bipolar fuzzy graph was used to introduce
the concept of a bipolar fuzzy line graph (BFLG). The
structure of a line graph [L(G)] is typically more com-
plex than that of the corresponding graph G. Likewise,
to understand this complexity many other operations
in graph theory were introduced and illustrated with
examples [16-20]. In molecular graphs, topologi-
cal indices are most important and have many useful
applications. Some applications of these operations
are presented in the field of Graph Theory. Amongst,
the degree sequence of a graph gives many informa-
tion about the properties of the topological indices and
also the real life situations that the graph corresponds
in various structural properties of graphs [21]. Par-
ticularly, problems that are difficult to solve on gen-
eral graphs are frequently solved on line graphs. The
line graph is obtained by associating a node with each
edge and linking a node with an edge if the correspond-
ing edges of the graph share a node. A large number of
variants of line graphs like, classical line graphs [22],
fuzzy line graphs [23], interval-valued fuzzy line graphs
(IVFLG) [24], and the L(G) of interval valued intuition-
istic fuzzy graph(IVIFG) [25] have been recently intro-
duced in the literature. So far, an IVBFLG has not been
studied. Some work on bipolar fuzzy graphs and nota-
tions not declared in this manuscript may be found on
[27-34].

Page 2 of 15

The primary contribution of this paper is as per the
following:

+ We introduce an interval-valued bipolar fuzzy line
graph (IVBFLG).

o The brief introduction of bipolar fuzzy graphs
(BFG) and related works were organized.

+ Many propositions and theorems on the properties
of IVBFLG are developed and proved.

« Further, interval-valued bipolar weak vertex homo-
morphism and interval-valued bipolar weak line
isomorphism are proposed.

Main text

In this paper, we considered only graphs without loops
or multiple edges and undirected interval-valued bipo-
lar fuzzy graphs.

Definition 1 [26] An ordered triple G = (V, o, u) is
said to be a fuzzy graph(FG) where V = {v1, v, -+, vy}
such that o : V — [0, 1], and a fuzzy relation p on o is
w:V xV — [0, 1] satisfies that u(u,v) < o(u) Ao ),
forallu,v e V.

Definition 2 Let X be a non-empty set. A bipo-
lar fuzzy set A on X is an object having the
form A={(x, ui(x),/zi\{(x)) 1x € X} where

/Lﬁ () : X — [0, 1] denotes a positive membership degree
of the elements of X and ,u% (x) : X — [—1,0] denotes a
negative membership degree of the elements of X.

Definition 3 [27] For a nonempty set X, a map-
ping B = (c5,05): X xX — [0,1] x [-1,0] a bipo-

lar fuzzy relation on X such that ,ug(x, y) € [0,1] and
1y (x,9) € [=1,0]

Definition 4 A bipolar fuzzy graph is defined to be a
pair G = (A, B) where A = (af, oﬁ[) is a bipolar fuzzy set

in a nonempty and finite set V and B = (ag, 0}3\[) a bipo-
lar fuzzy set on E satisfying og(v,'vj) < Uf(v,') A af(vj)

and oé\[(vl-vj) > o‘f\\[(vi) \Y J}l\l(vj) Vv € E.

Here, we call A is a bipolar fuzzy vertex set of V and B is a
bipolar fuzzy edge set of E.

Definition 5 [28] Given a crisp graph G*, its line graph
L(G*)is a graph such that each vertex of L(G*) represents
an edge of G*, and two vertices of L(G™*) are adjacent if
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and only if their corresponding edges share a common
endpoint.

Definition 6 Consider L(G*) = (Z, W) be line graph
of G* = (V,E). Let G = (A1, B1) be BFG of G*. Then we
define a bipolar fuzzy line graph L(G) = (A3, By) of a
bipolar fuzzy graph G as follows:

a) a4 (Se)
op (Se) =
b) o, (SeSy) = o, (€) Ao (f)
op (SeS) = opl(e) Aop (f),V SeSp € W.

P P
= op (e) = op, (ueVe),

O'Bl (e) = op, N (4eve), forall S, € Z

where A, = (0}1)2’ (Ti\i) is bipolar fuzzy sets of Z and
By = (aBZ, UBZ) is bipolar fuzzy relation of W.
The line graph L(G) = (A3, By) of BFG G is always BFG.

Definition 7 Suppose there are two BFG G; = (41, B))
and Gy = (Ay, By), then the mapping ¢ : V1 — V5 is a
homomorphism of ¢ : G; — Gj such that

() 0'}\)1 ) = UXZ(QD(VI‘)): O'AI(V,) = UA (i)
(b) of (vi,v)) < o (PVD)P(¥),

oBl(v,,v,) > oBz(w(v,)go(v]))VV, € V1, vivj € Eq.

Definition 8 For a non void universal set X and A C X,
we define an interval-valued bipolar fuzzy set(IVBES) of
A as follows:

A= (X400, 251 [y ), 1 )] = vi € X)

where, )»A < 74 and P‘,ZA <u4YvieV.

We use A! 4 (%), and A% (x) to denote the lower and upper
satisfaction degree of an element x respectively, to the
property corresponding to a bipolar fuzzy set A, and
also ! 4(x), and u*, (x) represents the lower and upper
satisfaction degree of an element x respectively, to some
explicit or implicit property corresponding to a bipolar
fuzzy set A.

Definition 9 The graph G = (4,B) is said to be
IVBEG where A = ([}, (x), 2% 0], [, (x), n¥y D),
IVBES B = ([Mg ), 2% ()],

[/,Ll 5 (%), u*% (x)]) is a IVBE- relation on 4, which satisfies
the following conditions:

represent a and
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(v2,[0.12,0.17],[-0.5,—0.4])  (v1,]0.15,0.2],[—0.3, —0.2])

(0.11,0.17],[-0.3, -0.1])

(00, [03,0.4],[-0.25, —0.2) “ (v3,[0.11,0.13],[-0.4, —0.1])

Fig.1 IVBFGG

1. Jbivy) < Gl A 2L )
B(VLV]) = ()A(VL) N2 2V
2. phvivy) = (v v )
up(vivy) = (g (vi) vV py (v) Y viv; € E.

Example 10
Consider an interval valued bipolar fuzzy graph G from
the below Fig. 1.

Definition 11 An interval valued bipolar fuzzy graph
G = (A, B) is called strong if

/lfg(u, V) = min (ifg (w), ifg (v)) and
i, v) = max (up(w), up (),

231, v) = min (ij’g (), Ay (v)) and
w1, v) = max (/Ll'g(u), ,ufé(v)), for all (&, v) € E.

Definition 12 [29] An interval valued bipolar fuzzy
graph G = (A, B) is called complete if
min (lfg(u), ig(v)) and pb(u,v) =

Ayt v) = max (u(w), 1 (),

/5 (u,v) = min (iﬁ(u), ifé(v)) and pj (1, v) = max (u,l”;(u),

W (v)) forallu,v e V.

The neighborhood of a vertex v e G is the induced
subgraph of G consisting of all vertices adjacent to v
and all edges connecting two such vertices. Its often
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denoted by N(v). The set of neighbors, known as a
(open) neighborhood N(v) for a vertex ve G, con-
sists of all vertices adjacent to v but not including v, i.e.
N ) ={ue V:uve E}. Equivalently, deg(v) = [N(Vv)|.
When v is also included, it is called a closed neighbor-
hood, denoted N[v]and N[v] = N(v) U {v}.

Definition 13 Let G be an interval-valued bipolar fuzzy
graph. The neighborhood of a vertex v in G is defined by
NW) = (N;(v),N,(v))

where N)(v) = {[/113 (uv), Az (uv]

)314 () & Ag(uv) < A4 () A A4 (V) forue V, uv € E} and

s b ) < 2L A

N,(v) = {[/Lé(uv), ng(uv] : /leg(uv) > )é‘ (w) v /Lf4 ) &
wp(uv) > u4 @ v u4 ) forue V, uv € E}

Definition 14 The degree of a vertex v € V in a IVBFG
G is denoted by deg(v) = ( deg A(v), deg ,u(v)) where
deg A(v) = [deg ), deg A*(v)], degu(v) = [deg wl ),
deg u*(v)] and defined as

degl(v) = 3 /Ifg(vw), deg 1*(v) = > M(vw),
vEW vEW

degpl(v) = 3 phow), deg u(v) = Y. uk(vw), forvw € E.

VEW
degu*(v) = > u%(vw), forvw € E.
VEW

If deg(v) = (k1,k2), Yv eV where k; = [k{,k{‘] and
ky = [k, k%1, G is called (k1, ko)-regular.

deg A(vw) = [deg ow), deg 2% (vw)]
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The order of IVBFG, which is a pair of positive and nega-
tive orders of IVBFG, and the size of IVBFG, which is a pair
of positive and negative sizes of IVBFG, are presented in
the following definition.

Definition 15 The order of a IVBFG G is denoted by
O(G) = (0,(G), 0,(G)) where 0,(G) = [0}(G), 0%(G)]
and O, (G) = [OfL(G), 07,(G)] such that

0,(G) = [04(G), 04(G)]

=[>_aw), > iBw)],

veV veV

0.(G) = [0),(G),04(G)]

(> 1B, D usm)].

veV veV

Also, S(G) = (SA(G), S (GQ)) is the size of G, where

Si(G) = [$5(G), $4(G)]

[ Z ifg(vw), Z il”;(vw)],

vweE vweE

Su(G) = [S,(G), S4(@)]

[ D upow), D ugow)].

vWeE vweE

Definition 16 The degree of an edge vw € E ina IVBFG
G is denoted by deg(vw) = (degA(vw), degi(vw)) and is
defined as

=[D )+ Y aplwy), Y i) + Y Agwy)]

vyeE, wyeE vyeE

wyeE

= [deg AL (v) + deg 2 (w) — 225 (vw), deg 2*(v) + deg 2*(w) — 224 (vw)]

deg u(vw) = [deg wvw), deg u*(vw)]

= 1> us) + Y ), > uhom) + > whwy)]

vyek, wyeE vyeE

wyeE

= [deg u! (v) + deg ! (W) — 2uls(vw), deg u*(v) + deg ' (w) — 214 (vw)]

where y # v and y # w.
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If deg(vw) = (r1,72), Yvw € E where r = [r{,ri’] and
ry = [ré, r1, G is called (rq, 2)-edge regular.

Example 17 By usual calculations degree of edge
e1 = vivpisdeg(er) = [deg A(e1), deg n(e1)]in IVBFG G
shown in Fig. 1.

deg Z(e1) = [deg 2! (e1), deg 2*(e1)]

=[deg /' (v1v2), deg 1*(v1v2)]
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Definition 20 An interval valued bipolar fuzzy graph G
is connected if any two vertices are joined by a path.

Definition 21 An IVBFG G = (4, B) is called strongly
regular if the following axioms are satisfied:-

=[deg o) + deg vy — 2253 (v1v2), deg A% (v1) + deg A*(v2) — 2A5(v1v2)]

=1[0.26 + 0.21 — 2(0.11),0.37 + 0.30 — 2(17)]

=[0.47 — 0.22,0.67 — 0.34]
=[0.25,0.33].

deg pu(e1) =[deg i’ (e1), deg p”(e1)]
= [deg 1! (viva), deg pu*(v1v2)]

=[deg ! (v1) + deg ! (v2) — 2ub(v1v2), deg (1) + deg u(va) — 214 (v1va)]
=[—0.55+4+ (—0.6) — 2(—0.3), —0.25 4+ (—0.20) — 2(—0.1)]

=[—-0.61 4 0.60, —0.45 4 0.20]
=[-0.1,—0.25]

Definition 18 The closed neighborhood degree
(CND) of a vertex v € V in an IVBFG G is denoted by
deg[v] = ([deg yUIR deg /l“[v]], [deg pUMR deg ﬂ”[v]])
and is defined as

deg /'[v] = deg ' (v) + i, (v), deg*[v] = deg 2*(v) + A% (v)
deg p'[v] = deg ! (v) + iy (v), deg p[v] = deg pu(v) + 4 (v).

If deglvl= (fi,2)VveV, then G is called (fi,f2)
-totally regular, where A = ([/ll,);“], [ui,,uﬁ]) and
B = ([},l,lg], [ug,,uﬁ]) are an interval valued bipo-
lar fuzzy sets in V and E, respectively. The mini-
mum degree and maximum degree of IVBFG G

are 0e(G) = A{degs(uv),Y uv € E} and A£(G)
v{deg(uv),Y uv € E}.

Definition 19 Let G=(A4,B) be an IVBFG.
Then G is said to be effective fuzzy graph if

vy = 2L () AL ), 2 (uv) = 25 (w) A 2% (v),

ppv) = phy ) v ) and piuv) = ph @) v i v)
foralluv e V x V.

i) Gisak-regular IVBFG,

ii) The sum of the membership values of the vertices
common to the adjacent vertices is the same for all
adjacent pairs of vertices,

iii) The sum of the membership values of the vertices
common to the non-adjacent vertices is the same for
all non-adjacent pairs of vertices.

Definition 22 Consider an intersection graph
PS)=(S,T) of a crisp graph G* = (V,E). Let
A1 = (Ja,, a,) and By = (4p,, uB,) be an interval-val-
ued bipolar fuzzy sets on V and E, Ay = (44,, 1t4,) and
By = (4B,, uB,) on S and T, respectively. Then an inter-
val-valued bipolar fuzzy intersection graph of the inter-
val-valued bipolar fuzzy graph G = (A1, B1) is an inter-
val-valued bipolar fuzzy graph P(G) = (A3, B2) such that
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(Se,,[0.11,0.17], —0.3, —0.1))

(Se,, ([0.10,0.13],[—0.3, —0.1])

(Ses,[0.2,0.4], [=0.23, —0.1])
Fig.2 IVBFLG of G

a) 24, (Si) = [2y, (S, A% (S = [2, (vi), 24, ()]
1ay (S0 = [y, (S0), wi, (S = [uhy, ), p ()]
b) i, (SiS)) = [25,(SiS)), 455, (SiSp1 = Ui, (vivy), Afs, (vivp)]

B, (SiS;) = [Mé;z (SiSp)s i, (SiSH1 = [Mé;l i), mp, (Vivp]

for every S;,Sj € S,5;S; e T.

)y (Sey) = g, (e1), 28 (e1)] = [0.11,0.17]

)45 (Sey) = [, (e2), 74 (e2)] = [0.10,0.13]

A4y (Sey) =[5, (e3), 735, (e3)] = [0.2,0.4]

Ay (Sey) = [, (ea), 124 (ea)] = [0.15,0.2]

14, (Sey) =1, (ex), ufs, (e1)] = [03, —0.1]
14, (Sey) =11, (€2), lg, (e2)] = [0.3,—0.1]
14y (Ses) =1, (e3), pufs, (e3)] = [~0.23, —0.1]
14, (Se;) = (14, (ea), pig, (ea)] = [0.25,—0.15]
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Definition 23 Let L(G*) = (Z, W) be a line graph of
a crisp graph G* = (V,E). and G = (A1, B1) be IVBFG,
we define an interval valued bipolar fuzzy line graphs
L(G) = (A3, By) whose functions of membership value is
defined as

i) Ay is IVBFS of Z and B is IVBF-relation of
W, such that 2y (S.) = i (e) = Xy (ucve)

gy (Se) = 25, (€) = 25 (teVe) il (Se) = iy (€) = i, (teve)
Wa,(Se) = g, () = g (Ueve), ¥V Se € Z.

ii) The edge set of L(G) is )7132 (SeSp)= min()vfgl (e), /1531 @),
A3, (SeSr) = min(4g, (), 4, (f))
I, (SeSp) = max(ug, (€), pip, (),
“lub (SeSp) = max(ujg2 (e), ,u,jél (), for all S, S € W.

where L(G*) = (Z, W) be line graph of a crisp graph
G*=(V, E).

Example 24
From IVBFG G of shown in Fig. 1, we can drive a IVBFLG
as follow.

78, (SeySey) = [min(Zy, (e1), 2y (e2)), min(/4 (e1), 14 (e2))] = [0.10,0.13]

/132 (Se2 Seg) =

min(if, (e2), /, (e3)), min(, (e2), 7§, (e3))] = [0.10,0.13]

[
28, (Se;Sey) = [min(i, (e3), 2 (ea)), min(ils (e3), 24 (ea))] = [0.15,0.20]
;{Bz (Sezseg) = [mln(/llBl (64)’ /1131 (61)), min()‘llél (64)r /lgl (61))] = [0.11,0.17]

148, (Se, Se;) = [max(1!g (e1), u'p, (e2)), max(u'sy (1), 1'%, (e2))] = [—0.3,—-0.1]

MUB, (Se2 Seg) =

maX(ulBl (e2), MIBI (e3)), max(u'p, (e2), n'g, (e3)] = [—0.23,-0.10]

148, (Ses Sey) = [max(u'p (e3), p'p, (ea)), max(u's, (e3), 11", (ea))] = [—0.3,—0.10]

[
[
[
[

148, (S4Se;) = [max(u'p (ea), 1’5, (1)), max(u's (ea), u%, (e1))] = [0.25,~0.10].
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(a,[0.15,0.2],[0.3,—0.2])
(b,[0.11,0.13], [=0.4,—0.1))

(e, [0.11,0.12],-0.3, -0.1])
Fig.3 IVBFGG;

Then L(G) of IVBFG G is shown in Fig. 2.

Definition 25 Let G; = (M1,N;) and Gy = (M3, Ny)
be IVBFGs. Then ¢ : G; — G is called homomorphism
map if the following conditions are satisfied:

) 2y, i) < 2y, (U ) Xy, (i) < 24y, (U ()
Mg, Vi) = Wiy, (W (Vi) plyy, (Vi) = iy, (W (vi), for
everyv; € V1.
ii) 2k, (viv) < A, (W v ¥ (1))
i, ivj) < A, (U (v ¥ (v)))
1, iv) =y, ()Y ()
B, Vivi) = i, (W (vi) ¥ (v)), for every vivj € Ei.

Definition 26 An isomorphism between G; = (M1, N})
and Gy = (M, N») is a bijective mapping ¢ : G — Gz is
called isomorphism if  : V13 — V3 such that,

D) Ay, ) = Zhy, B (1) Ay, (V) = 2y, (W (1))
wan, V) = Wi, (0 () iy, ) = waliy, (Y (v), for all
ve V.
if) A, (vivy) = 2k, (W (v ¥ ()
i, Wivj) = 25, (W (v ¥ (v)))
1, ivy) = i, (U )Y ()
mn, Vivy) = piy, (W (v ¥ (vy) for all viv; € Eq.

Definition 27 A weak vertex isomorphism between
G1 = (M1,N1) and Gy = (M3, Ny) is bijective mapping
Y 1 V1 — Vi such that

L. Ay, (vi) = Jat, (¥ (vi)) which means [} (v;), Al (v))]
= [Zhy, (U ), 2ty (vi))],

2. un, (i) = un, (¥ (vi)) which means
[y, ), e (V)] = [y, (W (vi)), 1k, (Y (vi))]
Ny, e V1.

This preserves only weight of the vertices not necessary
weight of an edges. And also, ¢ : G; — G is said to be a
weak line isomorphism if

(/.10.2.04],[7023, 0.1} (d,[0.15,0.2], [~0.3, —0.2])

(¢,[0.11,0.13], [=0.4, =0.1])
Fig.4 IVBFG G,
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3. 2N ivy) = An, (Y (v) ¥ (v))) which implies
[/15\[1 ivy), 2, vivi)] = [)“5\12 WY ), Ay, @)Y )

4 pn, iv) = phy (W (v ¥ (v))) which implies [y, (viv)),
Wi, (Vivi)] = [Mé\[z(W(Vi)W(Vj))r ma, (W )y ()],

VVL'V]' (S] El.

This preserves only weight of the edges not necessary
weight of a vertices.

Example 28
Let G1 = (Ml,Nl)adeg = (Mz,Nz) be IVBFGs.

Consider ¢ : V1 — V; is the mapping from IVBFG G;
into Go. From Figs. 3 and 4, we have

Via)=d, y(b)=c

For all v € Vi. So that its weak vertex isomorphism. But,
its not weak line isomorphism since

2y (ab) # iny (W (@) ¥ (b)) and un, (ab) # An, (Y (@)Y (b))
Definition 29 If the mapping ¥ : G1 — Gg is bijective

weak vertex and weak edge isomorphism, then we said

that is weak isomorphism map of IVBFG.

Definition 30 Let L(G) = (A, Br) be an IVBFLG, then
degree of a vertex Sy € V(L(G))in a graph G is denoted by

deg(Sy) = ([degi! (Sx), degi™(Sx)], [degii'(Sy), degi(S:)])
and is defined as

deg 2(Sx) = D 7, (SxSy) deg 2“(Sy)
Sy#Sy

=) %, (S:S)) deg ! (Sy)
Sx#£Sy

= ) 1, (S:S,) deg i1 (Sy)
Sx#Sy

= > 1, (S:Sy), for S,y € E(L(G)).
Sy#Sy
If deg(Sx) = (k1,k2), VS, € V(L(G)) where ki = [k}, k%]

and ky = [ké, k¥1, L(G) is said to be (k1, k2)- vertex regular
interval-valued bipolar fuzzy line graph.

Definition 31 The order of an IVBFLG G is denoted
by O(L(G)) = (0,(L(G)), Ou(L(G))) where 0,(L(G))
= [04(L(G)), O¥(L(G))] 0. (L(G)) = [0, (LG,
0}, (L(G))] such that

and
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[0.12, 0.17], [—0.5, —0.4] [0.15, 0.20], [—0.3, —0.2] [0.12, 0.22], [—0.5, —0.4}
U1 €1 V2 €5 U3

0.(@,0.10},[-0.20, -0.10] 0.10,0.15], [-0.20, -0.10

[0T°0- ‘0z°0-)*[T" 00T 0]
[01°0- ‘02°0-]'[0T°0°60°0]

Ve

(2 €9 . . €12 _ _
05.04] 025, —0.2] " [011,038], [-0.4, ~0.1] “2 [0.13,0.24], [-0.4, ~0.1]

Fig.5 IVBFG H

Si(L(G)) = [SYL(G)), SL(L(G))]
[ D2 (S8, D J,(5:8)]

0,(L(G)) = [0}(L(G)), O%(L(G))]

= [ Z /’{IBL (Sx); Z /1%]4 (Sx)} SxSyeE SxSyEE
SeeV SeeV Su(L(G)) = [S;ZL(L(G))’S;Z(L(G))}
0u(L(G)) = [0},(L(G)), 04 (L(G))] 1Y s, S .5,
= [ Z u’lBL(Sx)1 Z M%L (Sx):l SxSJ/GE SxSJ/GE
SxeV S.eV

Also, S(L(G)) = (SAL(G)), Sw(L(G))) is the size of G, Definition 32 The degree of an edge SxSy € E
in an IVBFLG G is denoted by deg(5:S)) =

where
(deg A(SxSy), deg 1 (SxSy)) and is defined as

deg /.(SxSy) = [deg ' (S:Sy), deg *(S:Sy)]

=1 D A SeSw)+ D A ($Sw) > Ak (SeSw)+ D A (SySw)

SxSweE, SySweE SxSweE SySweE

= [deg A(Se) + deg A (Sy) — 22, (SkSy), deg A“(Sy) + deg 2(S,) — 245, (sxsy)}
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deg JL(S,S,) = [deg 1L(S,Sy), deg ,ﬂ(sxsy)}
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=1 D uhSeS)+ D uh SSw), > ik (SeSw)+ >k, (SySw)

stw EE: SySWGE

SxSweE SySweE

- [deg 1 (Sy) + deg 1! (Sy) — 24k, (SSy), deg ™ (Sy) + deg 1u*(Sy) — 21uls, (sxsy)} .

If deg(S:Sy) = (r1,72), VSxSy € E where r = [r{, ri]
and rp = [ré,rz”], L(Q) is said to be (r1,r2)-edge regular
IVBELG.

Definition 33 The closed neighborhood degree
of a vertex Sy € V in an IVBFLG G is denoted by
deg[Sx] = ([deg [Sy], degA“[S,]], [deg 2[Sy], deg “[S,]])
and is defined as

3, (sosp) = min (2, (500, 2 (5))  and g (se,87) = max

(nh, (se)s 1, (sp)),

/g, (Se,$f) = min (ifé[l (se), A, (sr)) and 11, (Se, sp) = max
(1, (se) s, (sp)) for all S, € E(L(G)).

Remark: If G is a regular IVBFG then L(G) need not
be regular.

deg 2[Sx] = deg A/(Sx) + 24, (Sy),  deg 2“[S,] = deg *(Sy) + 2%, (S)
deg 11![S,] = deg u!(Sy) + uly, (Sx), deg u"[Sx] = deg 1™ (Sy) + 1, (S).

If deg[Sx] = (f1,f2) VS, € V, then L(G) is called (f1,f2)
-totally regular, where A; = ([AQL,/II’QL], [quL, ,uﬁL])

and B; = ([’1531,”121,]’ [,uéll,u}_ﬁ,l/]) are an interval val-
ued bipolar fuzzy sets in V and E, respectively. The
minimum degree and maximum degree of IVBFLG
G are o0p(L(G)) = Aldegp ) (uv),V SxSy € E}  and
Ap(L(G)) = V{degL(G) (uv), Y SSy € E}, respectively.

Definition 34 An IVBFLG L(G) = (A, Br) is strong
IVBELG if and only if all of the following are holds

Example 35

Consider an IVBFG H from the following Fig. 5. It is
(k1, ko)-regular IVBFG where (ki,k2) = ([0.40,0.53],
[—0.93, —0.40]). But, its corresponding line graph shown
in Fig. 6 is not regular graph.

The vertex membership values of IVBFLG H.

(A4, Ser)s 44, (Sen), [1tly, (Se)s 14, (Sep)] = ([0.09,0.10], [—0.20, —0.10]),
[, (Ses)s 44, (Sen) )y [ty (Sep)s 1, (Sey)] = ([0.09,0.12], [~0.30, —0.10]),
(A4, (Ses)s 44, (Se)ls [ty (Ses)s 1, (Ses)] = (10.12,0.16],[-0.23, — 0.1]),
[y, (Se)s 74, (Se)1 iy, (Sey)s 1%, (Se,)] = ([0.10,0.15], [~0.20, — 0.10]),
[, (Ses)s 748, (Ses) 1, [1tly, (Ses), 14, (Ses)] = ([0.10,0.15],[-0.20, — 0.10]),
(A4, (Seq)s A4, (Se)ls [1tly, (See)s 14, (Seg)] = ([0.09,0.12], [~0.30, —0.10]),
[, (Ser)s A4, (Sen)ls [ty (Sep)s 1, (Se;)] = (10.12,0.16],[-0.23, — 0.10]),
[, (Ses)s 74, (Seg)], [y, (Seg)s 114, (Seg)] = (10.09,0.10],[—0.20, — 0.10]),
[y, (Seq)s 74, (Se)]s [, (Sey)s 14, (Seg)] = ([0.09,0.10], [—0.20, — 0.10]),
(A4, Serg)s 4, Serg)] 1y, (Sexg)s 14, (Seng)] = ([0.12,0.16],[-0.23, — 0.1]),
(A4, Sexn)s 44, Ser)) 1y, (Sexy)s 114, (Sery)] = ([0.09,0.12],[~0.30, —0.10]),
(A4, Sers)s 44, Sern)] 1y, (Sers)s 114, (Sers)] = ([0.10,0.15],[~0.20, — 0.10]).
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Table 1 An edge membership values of IVBFLG H

(A, gl [ug, ngl [Ah, gl [ug, wyl
Se;Se, [0090.10] [-020—0.10] Se,Se, [0.09, [—0.20,—0.10]
0.10]
Se;Se; [0.09,0.10] [—0.20,— 0.10]  SeSe,  [0.09, [—0.20,—0.10]
0.12]
Se;Se, 0,09, [-0.20,—0.10] SeSe, [0.10, [—0.20,—0.10]
0.10] 0.15]
SeySes [0.09,0.10] [—0.20,— 0.10] Se, e, [0.09, [—0.20,—0.10]
0.10]
SeySes [0.09,0.10] [—0.20,—0.10] Se.Se,, [0.10, [-0.20,—0.1]
0.15]
SeySero [0.09,0.10] [=0.20,— 0.10]  Se,Se,  [0.09, [-0.23,-0.10]
0.12]
Se,Se; [0.09,0.12] [=0.23,— 0.10]  Se,Se,  [0.09, [~ 0.30,—0.10]
0.12]
Se,Se, [0.09,0.12] [=0.20, = 0.10]  Se,Sey,  [0.09, [~ 0.20,—0.10]
0.10]
SesSes [0.09,0.10] [=0.20,—0.10] S, Se,  [0.09, [ 0.20, — 0.10]
0.10]
SesSery [009,0.12] [-0.23,—0.1]  Se,Se,  [0.09, [~ 0.20, — 0.10]
0.10]
SesSer, [0.09,0.12] [-0.23,—0.10] S,Se,, [0.09, [-0.23,-0.10]
0.12]
SesSe,  [0.10, [-020—0.10]  Se;Se;, [0.09, [—0.20,— 0.10]
0.15] 0.10]
SeySes [0.09, [-020—0.10] Se,Se;, [0.09, [—0.20,—0.10]
0.10] 0.10]
SeySer. [009,0.12] [-0.23,—0.10]  Se,Se;, [0.09, [—0.20,—0.10]
0.10]
SeySer, [0.09,0.15] [=0.20,—0.10] Se,Se;, [0.09, [—0.20,—0.10]
0.10]
SesSeg [0.09,0.12] [=0.20,—0.10] Sey,Sey, [0.10, [—0.20,—0.10]
0.15]
SesSe, 10.10,0.15] [=0.20,—0.10] Sy, Sey, [0.09, [—0.20,—0.10]
0.12]

Table 1 indicates the edge membership values of line
graph of H.

Definition 36 The size of a k—regular IVBFG G is k—z";
where |V| = nand k = [k, ky]. i.e,

kn
5

Definition 37 Let L(G) = (Ar,Br) is an IVBFLG of
graph G. Then L(G) is called strongly regular IVBFLG if
the following conditions are satisfied:-

S(G) =

i) L(QG) is a k-regular IVBFLG,

ii) The sum of the membership values of the vertices
common to the adjacent vertices in L(G) is the same
for all adjacent pairs of vertices,
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iii) The sum of the membership values of the vertices
common to the non-adjacent vertices in L(G) is the
same for all non-adjacent pairs of vertices.

Proposition 38 Every line graph of an interval valued
bipolar graph is strong graph.

Proof The proof of this proposition is straightforward
from definition of strong graph. g

Example 39

Consider an IVBFG G = (A, B) where A be a bipolar fuzzy
subset of V and B be a bipolar fuzzy subset of E such that
V =<y, vy, v3 >, E =< vivy, vavs. Let A be a positive
membership value and | be a negative membership value
of G, defined by

4 (v1), 2% (v1)] = [0.6,0.9],
[l ), w4 (v)] = [-0.7, —0.3]
(24 (v2), 24 (v2)] = [0.3,0.7),
(1l (r2), w4 (v2)] = [—0.6, —0.4]
(24 (v3), 24 (v3)] = [0.4,0.6],
(1t (v3), 15 (v3)] = [-0.8, — 0.2]and
[Z5(e1), A4 (e1)] = [0.3,0.6],
(g (er), h(en)] = [-0.6, —0.2]
[25(e2), Afs(e2)] = [0.3,0.7], [z (e2), pig(e2)] = [—0.6, — 0.3].

By routine computations the line graph of IVBFG G is
strong.

Proposition 40 The IVBFLG L(G) is connected iff its
original graph IVBFG G is connected graph.

Proof Given G is a IVBFG and L(G) is connected inter-
val valued bipolar fuzzy line graph of G. First, we must
demonstrate that precondition. Assume G is discon-
nected IVBFG. Then G has at least two nodes that are not
connected by a path. If we choose one edge from the first
component, there are no edges that are adjacent to edges
in other components of G. The L(G) of G is then broken
and contradicting. So that, G must be connected. Con-
versely, assume that G is connected IVBFG. We need to
show that L(G) is connected. Since G is connected, there
is a path that connects each pair of nodes. Adjacent edges
in G are thus neighboring nodes in L(G) , according to
the definition of L(G) . As a result, each pair of nodes
in L(G) has a path that connects them. The proof com-
pleted. O
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SQS IQS

Fig.6 L(H) of an IVBFGH

Proposition 41 An IVBFLG is always a strong [VBFG.
Proof It is straightforward from the definition, therefore
it is omitted. O

Proposition 42 Let G = (A1, B1) be an interval-valued
bipolar fuzzy graph of G* and P(G) = (A2, By) be an
interval-valued bipolar fuzzy intersection graph of P(S).
Then,

a) an interval-valued bipolar fuzzy intersection graph is
an interval-valued bipolar fuzzy graph.

b) an interval-valued bipolar fuzzy graph is isomorphic
to an interval-valued bipolar fuzzy intersection graph

Proof a) From Definition 22, it follows that

A8, (SiS)) = [1g, (SiS)), 74, (SiS)]
= [A, (vivy), 25 (viv))]

< [min(2y, (v), 24, (1)), min(Z4 i), 24, ()]

148, (SiS)) = [11, (SiS)), 11, (SiS)]
= [up, (vivp), s, (vivy)]
> [max(uly, (vi), ty, (), max(u, (vi), 1, (V)]
This implies that an interval-valued bipolar fuzzy
intersection graph is an interval-valued bipolar fuzzy
graph.
b) Define ¢ : V — S by ¢(v;) =s;, for i=1,2,--- ,n.
Clearly, ¢ is a one-to-one function of V onto
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S. Now vivje E if and only if sis;€ T and
T =9W)e)) : vivi € E.Also
Zay (0 () = [Zh, (0 (i), 24, (0 ()]
= [, (S, 24, ()]
= [y, ), 24 (v)]

pa, (9 (vi)) = [Mf«;z (p(vi)), wa, (p(vi)]
= [uh, (S, 14, (S)]

= [uhy, i), 1, (V)]

A8, (e () = A, (v (), 24 (P (V)9 (v)))]
= [k, (SiS), 74 (SiS))]

— [)Lng vivj), A, (Viv))]

uB, (p(v)e(v)) = [Mfgz (e (), g, (P(vi)e(v))]
= (i, (SiS)), 14, (SiS)]
= [, (Viv)), s, (vivj)]
Thus ¢ is an isomorphism of G onto P(G) .
O
Proposition 43 Let Gy and Gy IVBFGs of G and G}

respectively. If the mapping ¥ : Gi — Ga is a weak iso-
morphism, theny : GY — G} is an isomorphism map.

Proof Supposey : Gi — Gy is a weak isomorphism.
Then

ue Vi & Y(u) €V, and
uv € E] & Yy (W (v) € Er.

Hence the proof. O
Theorem 44 Given a IVBFLG L(G) = (Ar,Br) cor-

responding to IVBFG G = (A,B). If the crisp graph
G* = (V, E) corresponding to G is connected, then

1. There exists a map ¥ : G — L(G) which is a weak
isomorphism iff G* a cycle graph and, A = (A4, ta)
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and B = (i, ) are constant functions. i.e.,
Ja(u) = Ag(e) = [y (w), 24 ()] = [iz(e), A (e)],
and — pa(w) = ppw) = [ W), w4 @1 = [he), nhe)l,
Yue V,ecE, where A= ([iﬁl,iﬁ], [,uﬁ‘,,ui‘,]) and
B = (L4, 4], 1 1)),

2. Ifa map ¥ : G — L(G) is a weak isomorphism then
Y is isomorphism.

Proof Lets consider a weak isomorphism map
¥ : G — L(G)is exists. Then its a weak vertex and a
weak line isomorphism. Then we have

o D (u), 24 ()] = [y, (W (u), 24, (¥ ()] :

[ (W), ()] = [, (W (W), uf, ()], for
every vertexu; € V.

o D), )] = [, () (w), 4% @)y w))]
pa(uiy) = gy, whuw)] = [ug, (@)Y (),
wp, (W @)Y ()], Yuu; € E.

This means that a crisp graph G* = (V,E) is a cycle
graph from proposition 43.

Now, assume that the V ={uj,uy,---,u,}, E=
{e1 = ujuy, e = wous, - ,e, = y,uy} and C = ujugus - - - WUy

is a cycle of G*. Then we have IVBFS
UL (wp), 2% (u)] = [£), 4, [hy (w), wt(u)] = [f], 4]
Ip(iin) = Dh(wuyn), 2% (wwign)] = [rh r¥]

e (Witip) = [hwuigr), phwui)] = [q), ¢4

where i=12,---,nmand up41 = uy. Thus, for
1 _ 4l U __ gu I _ ¢l u _ ¢l
L=t b= th,fl —an,fl —an we know that

l sorel 4l .
ri <min(t;, ¢ ), r; < min(t/, t{,)

! ]
q; = max(fy, fi 1), q; = max(f¥, fiiy).

Now, we have a line graph of L(G*) = (Z, W) where
Z = {Sg;} and W = {S¢;Se,,, }. And also,

(1)
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/LAL(Se,) /IAL(Sel)] = /IB(el)r/LB(el)]
/IB(uzuH-l) )B(uzuz-i-l)]
bril

[
=1
=[r
[MAL(SeL) Wa, (Se)l = [ (e, s (en)]
= [uh (i), 4 (uug)]
[

= lq},q}']
2, (Se;Seiyy) = min{ip(e;), Ag(eir1)}
min{2g (vt 1), Ap(Uir1ui42)}
min{r},r 1}

A, (Se;Seiyy) = min{ Jg(e;), Mg (eir1)}

min{ A (W), A5 (Wir1ui42)}
= min{ril, er}

B, (Se;Sery) = max{pup(ei), np(eiv1)}
= max{pp(Witi+1), Lp(Uir1Wi42)}
= max{q;, 4.}

W, (SeiSeisr) = max{uig(en), mp(eir1)}

= max{ g (Wit1), 1e (Uit Wigo)}

= max{qf,qfﬂ}
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whereu, 11 = u1, Upy2 = Uy, rf = ZH’V{ = r;lﬁ»l’ Ty =11
q£z+1 =gl,andi=1,2,---,n Theny : V — H is bijec-
tive map since ¥ : G* — L(G*) is isomorphism. And

also, ¥ preserves adjacency. So that ¥ induces a permuta-

tion of{1,2,- -+, n} which ¢ (w;) = S,

and for e =uwuwi+1 then Y)Y (uit1) = Se,(Serisn)
i=1,2,---,n—1

Now

= Ay () < 2, W) =2y, Se) =iy
tlu = Z(ui) = /A“ZL (W(ul)) = AZL (Seﬂ(i)) = r;;(i)y
1 _ g > gl M=l (s _
f; /’LA(ul) 8 I*’LAL(w(ul)) /’LAL( e,m')) q;-[(l’)j
f;’u = /’L,Lli(ul) = MZL(W(UL)) = /'LxL (Se”(,')) = q;(;)
Hence,
I _ 1
ti < Tray U= Tae
l l
fi S iy S =40

And for e; = u;u;41,

rf = A1) < A, (Y)Y (uip)
= }ZBL (Seyr(,') Se]r(i+1 ))

= min{2s(en), Aseniisn))

= min{ry g M)
rit = (i) < Ap, (Y (W)Y (Wit1)
= )~tu3L (Senmsen(m))
= min{lg(ex (), Ap(ex(i+1)}

= min{ry i) iy}

q! = uhuuitn) > e (W @)Y (uip1)

= /’L%L (Sert(i) Sen(i+1 ))

= max{,uf;(eﬂ(;)), b (er i)

! !
max{qn’(i)’ qn(l’+1)}

g’ = up(wiit1) > pg, (Y @)Y (Wit1)
= ’U'EL (Seﬂ(i) Seﬂ(i+l))
= max{upg(ex(i)) np(ex(it1)}
= max{qj’;(i),qz(iﬂ)} fori=1,2,---,n

l

Cood
ri < min{ry g T b

u : u u
ri < mm{rﬁ(i), rn(i+1)}

l 1 l
q; = max{qy iy drisnb i = Max{qy iy driivr))-
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Thus from Eq. 3, we get rf < rilm.), rf < ri’;(i), qf > qu-)

) )
r; <,

! l 1 1
also 77y = Tary Ta) = Trny Dty Z Dreiy@nd
dn() = Dz (iy BY proceeding this process, we get

@ 1= Ty ‘If z qzlr(i) and ¢ >q;,. and

! ! ! !
< . e < .
i STre) S0 S k) S
U oplh <. o<yt <yl
i =Tri) = = Takay =i

) ) ) )
qi = qn’(i) Ea qﬂk(i) = q;
k+1 It follows

and

where 7w is the identity function.

) _ 1 _ 1 1
T = Tneyy Ta) = Tner@y Dty = Dr)
q;;(l.) = qﬁ(n(l.)). Again, from Eq. 3, we get
rl<r U <

! _ u U
i STy =Ty Vi S Ty = i

l l ) _
4G Z Qriiyr) = Dipr 40 Z Drivr) = dir-
This implies foralli = 1,2,--- , n, rf = r{,rly = ri’,qf = qi
and g/ = g+1. Thus, from Eq. 1 and 2 we obtain

r{: =rfl=t{=~~-=tf,
ri‘: =rZ=t1“=...=t}’q4
= =d =fi=r=f
= =qt =fl= =f".

Finally, the proof of the second part is forwarded from
part one. That is, if  : G — L(G) is a weak isomorphism
then a mapping v is isomorphism map. O

Proposition 45 An IVBFLG is the generalization of the
interval valued fuzzy line graph.

Proof Let L(G) = (AL, Br) be an IVBFLG. Then,

by setting both lower and upper negative upper-
membership values of nodes and edges to zero, which
reduces an interval valued bipolar fuzzy line graph to
interval valued fuzzy line graph. O

Limitations

This paper was presented the concept of IVBFLG and
some of its mathematical properties developed. Moreo-
ver, some remarkable properties of such as strong IVB-
FLG, regularity of IVBFLG and complete IVBFLG have
been investigated and illustrated with the examples.
Based on these ideas, we can apply IVBFG to other
graph theory areas, as well as build a network model
for IVBFG and develop an algorithm-oriented solu-
tion. We also give a necessary and sufficient condition
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for a IVBFG to be isomorphic to its corresponding
IVBFLG. However, the researchers considered only
undirected simple IVBFG and the applications of this
proposed graph are not included in this paper. So that,
in the future work we will apply the concept of IVBFLG
on real-life problem and extend to soft fuzzy graph and
neutrosophic graph.
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