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Abstract

theorize the conception of partially total fuzzy graphs.

Objective The study of total fuzzy graphs in all cases is crucial for the development of both theories and applica-
tions of the graph theory. Without theory the application will not be developed. Hence this manuscript attempted to

Results The article introduced the partially total fuzzy graph by keeping all the conditions of fuzziness as it is. From
these definitions, it is endeavored to get the partial total fuzzy graph of a given fuzzy graph which is supported by
illustrations. Also, some propositions and theorems related to this concept were developed and proved.
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Introduction

One of immensely expedient in modeling is graph theory.
Modeling with graphs is important in telecommunication
networking problems of communication, trafficking net-
works and much more. Theoretical modeling with graphs
provides an important structure for which analytical
methods are used. For a given set of objects, graph can
be used to exemplary that the relationship exists amongst
them.

The announcement about uncertainty of real life is due
to Zadeh [1] in his pamphlet of inspiring paper. A fuzzy
relation and set is demarcated scientifically by convey-
ing to all likely detached in the cosmos of treatise are
a worth, demonstrating its grade of affiliation, which
matches to the point, to which that specific is similar or
well-matched with the notion characterized by the fuzzy
set. Fuzzy graph is make known to us by Rosenfeld [2]
using fuzzy relation, exemplifies the bond amongst the
objects by surely representing the near of the relationship
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among the items of the given set. Also he devised many
fuzzy equivalent graph hypothetical concepts like con-
nection, cut vertex and tree.

Bhattacharya [3] and Bhutani [4] discoursed about
automorphism of fuzzy graphs and announced the idea
of strangeness and center in fuzzy graphs. Mordeson [5]
familiarized fuzzy line graph. Mordeson and Peng [6] dis-
pensed with the operations of fuzzy graphs and their pos-
sessions. Mordeson and Nair [7] considered cycles and
co-cycles and gave a definition of counterpart of a fuzzy
graph. Sunitha and Vijayakumar [8] defined the comple-
ment of a fuzzy graph in another way which gives a better
sympathetic about that thought. A study on total fuzzy
graph was introduced by Nagoor Gani and Rahman [9].
2-quasi TFG, their definition, properties, and its color-
ing are well studied by Fekadu Tesgera Agama and V.N.
Srinivasa Rao Repalle [10].

In this manuscript, we need to state the notion of par-
tially total fuzzy graph. The graph is partially total, but
not fully total fuzzy graph. With this definition we illus-
trate the perception with graphical example and new
outcomes arising from this definition are quantified and
evidenced in a logical manner.
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Preliminaries
Under this sub-topic we present definitions of fuzzy
graphs and TFG which are necessary for this article.

Definition 1 [11]: A fuzzy graph G: (V,o, ) is a tri-
ple consisting of a non-empty set V along with the roles
0:V —>[0,1] and p : VxV — [0, 1] such thatVu,v €V,
i(u,v) < o(u) A o(v), where A denotes the smallest.

Definition 2 [11]: Let G : (o, 1) be a fuzzy graph. The
order of G is defined as: Order(G) = ), o () and the
Size of G defined as, Size(u) = Zu,ve\/ w(u, v).

Definition 3 [12]: A fuzzy graph G is called a strong
fuzzy graph if p(a,b) = o(a) Ao (b) for all (a,b) in edge
set.

Definition 4 [11]: A fuzzy graph G is said to be a
complete fuzzy graph if w(a,b) is o(a)Ao(b) VYa,b in
o; where o is called the fuzzy vertex set of G and u the
fuzzy edge set of G.

Definition 5 [11]: The busy value of a g € V in G is
D(a) = ) ;0(a)Aoc (a;) where a;’s are the neighbours of
a and the busy value of G is D(G) = ), D(a;) where a;’s
areinV of G.

Definition 6 [5]: Let G: (o,u) be a fuzzy graph
with the primary graph(V,E). The fuzzy line graph of
G is L(G) : (y,w) with the underlying graph (Z, W)
whereZ = {Sa = {a} U {u,,v,}/x € E,ug, v, €V,

a = (Ug,va)} withy(Sa) = u(a),VSa € Z and

W = {(Sa,Sb)/Sa N Sb #+ &,a,b € E,a # b} with

w(Sa, Sb) = w(Sa) Aw(Sb) = u(a) Au(b),Y(Sa, Sb) € W.

Definition 7 [11]: Suppose G : (o, ) is a fuzzy graph.
The Total fuzzy graph is a pair T(G) = (o7, u1) of G
where;

i. or be expressed over VUE such that
or(uw) =o(u),ifuecV,ur(e) = ule),if,e € E.
ii. w7 is described as;

wr (@, v) = u(u,v),if u,v eV,

ur(u,e) =oWw)Au(e),ifu € V,e e E, and the vertex
u lies on the edge eur(u,e) =0, otherwise,
uT(ei, ej) = /L(ei)A;L(ej), if the edges e; and e; have
a node in common between them, ,uT(e,-,ej) =0,
otherwise.
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Definition 8 Suppose G : (o, ) is a fuzzy graph. Let V
be the primary set. Assume that G* : (¢, u*) is its crisp
graph. Considering the node set of P7(G) be the com-
bination of vertex set and edge set of G, we will define
Pr(G)onV U E according to the following. op(a) = o (a),
whenever a € V = u(x), whenever x € E. For up, we
define it as below;

up(a,b) = 0,whenevera,b € V

wup(a,x) = o(a) \ u(x), whenever a € V,x € E and a lies
on x =0, otherwise. up (xi,x,') = n(x;) A\ n(x)), when-
ever x;,%; € E, and they have a vertex in common. = 0,
otherwise.

According to this definition, we can observe that
wup(a,b) < o(a) \No(b), Va,b € V UE. This implies that
the pair P7(G) : (op, up) represents a fuzzy graph and
we name such graph partially total fuzzy graph of a fuzzy
graph G.

Example 1 Given graph G with the following informa-
tion.o (@) = 0.4, 0(b) = 0.5, 0(¢c) = 0.7 and u(a, b) = 0.2,
w(b,c) = 0.4,u(a,c) = 0.4.

From the given information, one can deduce that the
vertex set is {a, b, ¢} and the edge set is {ab, bc, ac}. Thus,
it can be verified that u(a,b) < o(a) Ao (b), Va,be V.
Therefore, the given graph is a fuzzy graph. Moreover,
as there is an edge between every pair of elements of the
node set, and then it is complete fuzzy graph. Our objec-
tive is to define a partially total fuzzy graph Pr(G) for
this fuzzy graph. To do so, we start from finding the node
set which is VUE = {a, b, c,ab, bc, ac}. From the defini-
tion of Pr(G) the fuzzy set is defined as; op(a) = o (a),
whenevera € V

= u(x), whenever x € E.

Hence; we have the following fuzzy subset.
o(a) =04,0(b) =05,

o(c) = 0.7,

o (ab) = u(a,b) = 0.2, o (bc)
= u(b,c) = 0.4, o(ac)
= u(a,c) = 0.4,

The fuzzy relation for this P7(G) becomes;
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1(a,ab) = o (a) \ 1(a,b) = 0.2, ju(a,ac) = o(a) |\ u(a,c) = 04
w(b,ab) = o (b) /\ w(a,b) = 0.2, u(b,bc) = o (b) /\u(b, ¢) =04
1(c,ac) = o(c) \ u(a,¢) = 0.4, (e, be) = o(c) [\ nb,c) = 0.4

ju(ab, be) = p(a,b) J\ n(b,c) = 0.2, u(ab, ac)
= (@ b) A\ n(a,c) =02

pibe,ac) = p(b,o) [\ pia,c) = 04,

Clearly, u(a,b) = o (b) \ o (b), Va,b € V U E. This jus-
tifies that Pr(G) is a fuzzy graph and termed as partially
total fuzzy graph of the given fuzzy graph G.

The following figures Fig. 1a, b represents a fuzzy graph
G and its partially total fuzzy graph.

Example 2 Given the following fuzzy graph as shown
in Fig. 2.

The objective is to define and sketch the partially
total fuzzy graph for this fuzzy graph G. To do this
we need to determine the vertex set of Pr(G). It is
{a,b,c,d,ab, bc, cd, da} with fuzzy subset op becomes;

o(a) = 0.1,0(b) = 0.75,
o(c) =0.1,0(d) = 0.25,

(a,0.4)

(ab ,0.2)

(b,0.5)

(b)
Fig.1 a:G: (o, ). b:Pr : (0p, 1G)

(a,0.1)
(ab,0.5)

(ad, 0.25)

(d,0.25) (dc,0.25)

Fig. 2 Fuzzy Graph G

o (ab) = w(a,b) = 0.5,
o(bc) = u(b,c) = 0.5,
o(cd) = u(c,d) = 0.25,

o(da) = u(d,a) = 0.25
The fuzzy relation for Pr(G) will be;
wa,ab) = o (@) [\ 1@a,b)
= 0.25, u(a,ad)
=o(a) [\ n@ad) = 0.2,

w(b,ab) = o (b) [\ u(a,b)
= 0.2s, u(b, bc)

=o(b) \ u(b,c) =05,

1u(c,be) = o(c) J\ (b, ¢) = 0.5,
wic,ed) = o (e) \ ule,d) = 025,

(d,cd) = o (d) \ u(c,d) = 0.25,
1u(d,ad) = o(dd) |\ u(a,d) =025

ab

b
c

Fig. 3 Partial Total Graph of Fuzzy Graph G
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(b,0.75)

(bc,0.5)

(c,0.1)

ad

bc
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u(ab, be) = p(a,b) \ (b, c) = 05,
uibe cd) = u(b, ) J\ (e, d) = 025,

u(ed, da) = p(c,d) /\ n(d, a) = 0.25, u(da, ab)
= u(d,a) [\ w(a,b) = 025

It is observable that,u(a, b) = o (b) \ o (b),
Va,b € V U E. Therefore, P7(G) is a fuzzy graph its graph
is as given in Fig. 3.

Results from partially total fuzzy graph

Theorem 1 The order of partially total fuzzy graph of G
is the sum of the order of G and the size of G.

Proof We know that the node set of Pr(G)is V U E and
op which is defined on V U E is; op(a) = o (a), whenever
a € V= u(x),whenever x € E.

We can recall that order(Pr(G)) =3 ,.vugor(@),
which is obtained by definition from order of fuzzy
graph.

Hence, order(P1(G)) = 3 ,.vug or(a)

=> opla)+ > op(a)

aeV aeE
=> c@+> ua
aeV aeE

= order(G) + Size(G)

O

Theorem 2 The size of a partial TFG is two times the
size of G plus in,xﬂ; (i) N ().

Proof Size(Pr(G)) = Y, peyur Hp(a, b)

=Y up@b+ Y w@x)+ Y, pplxx)

a,beV aeV xeE xj,xj€ VUE

In this new definition of the concept of partially TFG,
there is no fuzzy relation between any two vertices of
the graph G. Hence, ) _ ;. up(a, b) = 0.

Thus,

Size(P1(G)) = ZaeV,er up(a,x) + in,xisVUE mp (xi’xi)

= Z wia,x) + Z M(xirxj)

aeV xeE xjxje VUE
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It is a clear fact that two vertices lie on each edge and
its weight is less than the weight of the vertices, we

have Zae VxeE ,u(a, x) =2 erE /"L(x)

Therefore, Size(P7(G)) =2 . .p ) + in,xjeVUE
) A\ )
= 2Size(G) + Z m(x;) /\ w(x)

XiXj€ VUE

O

Theorem 3 The degree of a of P1(G) is the same as the
degree of a in G, ifa € V and that of x € E is equal to the
busy value of x in Pr(G).

Proof The nodes of P7(G) are from the vertices and
edges of G. Accordingly, the determination of their
degree needs separate treatment.

Case i: Let a € V. dpy(@) = Xy p(@b) + 3 cp p(@,%)
dpy(@) =Y pey ur(@,b) + Y ,.cp np(a,x), where a lies
on the edgex € E.

= > .cg Mr(a, %), as there is no fuzzy relation between
any two vertices of G in Pr(G).

= @ =dg@

xeE

O
Caseii: Letx; € E.
dpy(xi) = Z wp (%, a) + Z wp (%, %))
acV x€E
=S (s Aoa) + X n(x0/\ o)
acV x€E /

= busy value of x; in Pr(G)

O

Theorem 4 The number of edges in Pr(G) is twice the
edges in G plus the number of pair wise adjacent edges in
G.

Proof As each edge in G is contributing two edges to
Pr(G) and the pair of adjacent edges in G, contribute an
edge to P7(G), we have;
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Number of edges in Pr(G) = 2|E(G)|+ No. of pair
wise adjacent edges in G.

= 2|E(G)| + |E(L(G)|

Theorem 5 P7(G) is strong fuzzy graph.
Proof Consider and edge (a,b) € Pr(G).

Then, pp(a,b) = (a) A ,u(b), ifa in o * lies on the edge
b=xj € u*and.

= /L(xi) N u(xj), ifa = x;, b = x; € u* and are adjacent
in G*,

Relating this expression to the definition of partially
total fuzzy graph, we get;up(a,b) = /L(a) A ,u(b), that is
a strong fuzzy graph

O

Theorem 6 Partially total fuzzy graph of a complete
fuzzy graph is not complete fuzzy graph.

Proof Suppose G is a complete fuzzy graph. Then every
pair of vertices are adjacent in G*. But from the defini-
tion of Pr(G), no two nodes in V(G) are adjacent to each
other in P7(G). This shows that there is no edge between
any vertices of Pr(G) which are vertices for G. Hence
Pr(G) is not complete fuzzy graph.

Theorem 7 Busy value

2 e 1) A\ (7).

o  Pr(G) = 4(Size(G))

Proof Busy value of P7(G) =),y g D(a)

= sevug 4(a), since P7(G) is strong fuzzy graph,
then D(a) = d(a).

= 2(SizeP7(G))

=202(SizeG) + Y. @) \u(x)

X% EU*

= 4(Size(G) +2( > p@) /\ 1(x7)

x,',xl-eu*
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Limitations

In this article, the researchers are motivated to estab-
lish a new theory of fuzzy graphs with the intension to
investigate the application area for the idea. Here we have
presented the new theory of partially total fuzzy graph.
For this new theory we have given the definition and
based on this definition partially total fuzzy graphs are
discussed with examples. In addition to this we have pre-
sented some properties which arise from the definition of
the concept under study. These properties are stated and
systematically we have proved the theorems related with
the emerging of this new concept.
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