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The present investigation employs impulses and a non-local constraint to prove the existence are some various types
of abstract differential and integrodifferential equations related to the Sobolev type. Semigroup theory, specifically
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Introduction

There are numerous applications for the intriguing the-
ory of differential equations throughout abstract spaces
in the fields of analysis and other mathematics. Ordi-
nary differential equations (ODEs), functional differen-
tial equations, partial differential equations (PDEs), and
sometimes a combination of interacting systems of ordi-
nary and partial differential equations would be used,
depending on the nature of the problems. In the fields of
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applied mathematics, engineering, biology, and the phys-
ical sciences, nonlinear differential and integral equations
in abstract spaces have been utilized to deal with several
problems. With significant applications in many areas of
analysis and other disciplines, the theory of nonlinear
differential and integral equations in abstract spaces is
growing quickly.

The fuzzy semigroups of linear operators to solve fuzzy
differential equations were originally proposed in the
fuzzy literature by the authors of Gomes et al. [1]. Next,
fuzzy Cauchy problems were studied by Kaleva [2] using
nonlinear iteration semigroups (with exponential for-
mula). Ding and Kandel [3] examined how differential
equations and fuzzy sets may be used to create fuzzy
logic systems, also known as fuzzy dynamical systems,
which are similar to fuzzy neutral functional differential
equations. With its wide range of applications, semigroup
theory has recently been the subject of much study in
the classic literature. For the interested reader, we rec-
ommend the fascinating work by Pazy [4], in which the
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author uses semigroups to solve partial and ordinary dif-
ferential equations.

PDEs are frequently employed to simulate a broad vari-
ety of scientific and engineering issues. They are typically
expressed in several forms of differential or integrodiffer-
ential equations in abstract spaces. Several writers have
studied integrodifferential equations in abstract spaces,
including [5-8]. In general, an integrodifferential equa-
tion is an abstract representation of a large number of
partial integrodifferential equations that emerge in issues
involving wave propagation and other physical phenom-
ena. By addressing Sobolev type nonlinear interodiffer-
ential equations, Radhakrishnan et al. [9] investigated the
existence of Sobolev type nonlinear neutral integrodiffer-
ential equations. Many writers have analyzed differential
equations of the Sobolev type [10-12].

Nonlocal Cauchy problem, namely, the dif-
ferential equation with a non-local initial condi-
tion z(tg) +e(ty,...,T2) =20 O<1w<T11<...
<1, <t +a and e is a given function) is one of the
important topics in the study of analysis. The primary
motivation behind interest in the area revolves around
the non-local initial condition’s high efficacy over the
standard one while treating physical issues. In fact, the
conventional beginning condition z(0) = zp could not
be incorporated into a number of fascinating empirical
events that the non-local initial condition represents. For
instance, the function e(ty, . . ., T4, z) may be given by

n
(t15. - » Ty 2) = Z ckz(Ti)
k=1

(ck, k =1,...,n are constants). In this case, we are per-
mitted to have the measurements at 1 =0,7q, ..., Ty,
rather than just at v =0. More specially, letting
e(t1,...,tz) = —z(t) and zp =0 yields a periodic
problem and letting e(ty,..., T 2) = —2z(70) + 2(t4)
gives a backward problem. Byszewski [13] was the first to
delve at the existence of solutions to evolution equations
in Banach spaces with non-local constraints.

[Bz(v) + 2 (t,200)] + Az(v) =F(v, z(v)) + / %(u,u,z(u))du
0

v e[0,al,v # vi
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In reality, experts agree that discretely emerging dis-
continuities enrich its continuous. The latter are also
known as jumps or, from an energy standpoint, impulses.
Many evolution processes are accompanied by abrupt
shifts in condition at specific points in time. These pro-
cesses are subject to short-term perturbations that are
insignificant in contrast to the process’s lifespan. As a
result, it’s reasonable to presume that these disturbances
occur instantly, in the form of impulses. As a result, dif-
ferential equations with impulsive effects serve as a natu-
ral description of observable evolution events in a variety
of real-world issues, such as [14—21]. In some situations,
such as the so-called neutral differential difference equa-
tions, the delayed argument occurs in both the deriva-
tive of the state variable and the independent variable.
A neutral functional differential equation involves the
derivatives concerning past events history or derivatives
of functionals of the prior history, and the present state
of the system. The book on neutral functional differential
equations by Hale and Verduyn Lunel [22] and its refer-
ences are a useful resource.

In accordance with the premise that “all things occur-
ring in the real world are unstable and unexpected,’
Zadeh[23] developed fuzzy set theory in 1965. In a
number of research areas, the notion was proposed and
implemented successfully. This hypothesis has lately been
investigated further, with a variety of applications being
proposed. To explain fuzzy conceptions, Diamand et al.
[24] established the metric space of fuzzy sets theory.
Kaleva [25, 26] looked at fuzzy differential equations in
broad sense. For further discussion on the several types
of fuzzy differential equations, see [27—-32].

Motivated by the literature, we are using the fixed
point approach to investigate several types of Sobolev
type Fuzzy neutral integro-differential equations with
impulses in a fuzzy environment.

Problem formulation

The authors of this paper have to investigate if fuzzy neu-
tral impulsive nonlinear integrodifferential equations of
the Sobolev type are subject to non-local conditions

(1.1)
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z(0) + Z ciz(vi) =20

i=1

(1.2)

AZ(U/() =I/((ka)) k = 1;2;'“; n, (1,3)

where A,B:J — E, denotes a fuzzy coefficient
and J =[0,4]. The set of all upper semi continu-
ous convex regular numbers that are uncertain,
with limited ZA-level intervals 1is designated as
E,. The function F,2,# :JxE, - E, is non-
linear fuzzy function and zp is a initial value
and  Zpz(vr) = Az(vg) = z(v,j) —z(v), for all
k=1,2,..m; 0=1v) < V] < V3 < .. <V < Vpt] =4,

Preliminaries

By giving each z € R"” a membership grade, a fuzzy sub-
set of R” is constructed using a membership function. In
this way, the purpose of membership is addressed.

u :R” to the closed interval [0,1].

Across the analysis, the subsequent requirements were
introduced: w maps R” onto [0, 1], []° constitutes a finite
subset of R”, u is fuzzy convex, and u is upper semi-con-
tinuous. In this instance, consider E, represent the space
of all fuzzy subsets u of R,, encompassing upper semi-
continuous, normal, and fuzzy convex sets along with
bounded supports. The space of all fuzzy subsets z of R is
precisely expressed by EL,

A fuzzy amount .« in R comprises a set that is fuzzy
defined by the membership function x4 spanning
R to [0, 1]. A number that is fuzzy .27 also transforms into

Xt
zeR %

o =

with x_/ (-) in the closed interval 0 and 1
Let zin R” and D be a nonempty subsets of R”. Now the
Hausdroff separation of B from D is defined by

Page 30f 18

d(z,D) = inf{Hz - bH :b e D).

Let D and B be nonempty subsets of R”. The Hausdroff
separation of B from D is defined by

#%(B,D) = sup{d(b,D) : b € B}.
In general,
HYB,D) £ #L(D,B).

With regard to two mathematical functions A and B,
the Hausdroff gap between them can be expressed as
H4(A, B). The greatest measure d* on E, is character-
ized as

d®(x,y) = sup{%’d([x])’, [y]”~) 2/ € (0,11}, for all x, y € Ey,

and is obviously metric on E,,.
The writers of this paper make an inference that there is
an operator £ on E,, which is provided by formula

&= [I+ iciﬁfly(rim -

We primary investigate the following fuzzy functional
differential equation (FFDE) along with non-local initial
condition of Sobolev type

Bz(W)) = Azw) +F@w,z(v)), vel=[0,a] (2.1)

200+ Y ciz(v) = 2,

i=1

(2.2)

where A,B:J — E, denotes a fuzzy coefficient and
J =10,al], E, is the collection of all upper semi continu-
ous convex normal fuzzy numbers with bounded 1—level
intervals. The function F:J x E, — E, is nonlinear
fuzzy function and zy is a initial value.

Definition 2.1 A continuous function z(v) of the inte-
gral equation

zZ(v) =B LY (1)BEzy — ZciB_léﬁ W)E x { / ‘Bly (v — M)F(M,z(u))du}
i=1 0

+/ B~ LY (v — wWF(w, z(w)dp + B LAY (v)BEz
0
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is said be a solution, of problem (2.1, 2.2) on J.

Remark 2.1 A solution of (2.1, 2.2) satisfies the condi-
tion (2.2). Then

z(0) = Ezo + AEzy — ZciS]B%_l

i=1

{ /0 7 (v~ B Fn z()du
and

z(v) = BT\ ()BE2 — Y _eBLY (1)BE

i=1
{ [ B = P 2oy}
+ [ B = G 20
+BAY (1)BEz.

Therefore
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v € [0,a]. Furthermore, take M, = sup [AY (v)|
0<t<a

and Mg = [B~![. Let M, = 3" |cil.

(A7) The function F : J x E,, — E, satisfies the follow-
ing  conditions: w1 ([]F(v,z(v)]i,IE"(v,y(v)]}')
< Lf%d(zv(v),z,,(v)), forv € Jand z,,y, € E,.
(A3) For our convenience, we choose

M, Mg |BExo| + beMS]Lfr
+ LM} |8 EIMDMLy < L
8 = bMM,Ly + DM M| B & [MMLy.

and

Existence and uniqueness

Theorem 3.1 Assuming (A1) — (A3) retain, there exists
a solution for (2.1)-(2.2) on J.

Proof Consider the subset X of C(J,E,). specified
through

200+ Yz =4 + Y czBTLS (B[ €20 - [# + Y cz)BTS (B

j=1 i=1

i=1

x> ae] /0 " = BT E G, 200 )
i=1

+ /0 " (v — B F (L2, (1) = 2.

The subsequent assumptions are required in order to
demonstrate the existence result:

(A)) A:J—E, is a fuzzy coefficient and
{# (v),v € E,} of bounded linear operator in
Banach  space.  There exist constants
M; > 0,M, > 0 such that |.¥ (v)| < M, for every

X ={z:zv) e C{J, E,, |zv)| <r,vel}

Again, we define a mapping # : X — X by

F (z(v)) = B¢ (v)BEz — Zciﬁ—l(g W)E
i=1

{ /0 B (01— WF (20}

+ [ B 0 0FGn 2,000
0
+BAY (1)BEz.

First to show that the operator # maps X into itself. Now
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|7 (z()| <B™'€ (v)BEzo| + | /0 S (v — wWB F(w, z(w)dul

n v;

HYGBTE 0B [ B (- 0B 20N
i=1 0

<M,M|B & x| + bMMLsr + LM} 2 6 M bMLy.

From the assumption (A43), |Z (z(v))| < L. Therefore the
Z maps X into itself. Also, ifx,y € X.

M4 (9; (), F (y(v))

e ( {B_ISP W)BEzy — Z B Y (0)E x { /Ui B9 (v — M)F(M,Z(M))du}
i=1 0

v 2
—|—/ By (v— WEF(w, z, (w))dp + B lAY (v)IB%Szo} , [B_ly W)BEyo
0
=SB E x { [ B (= B Gn yGo)di}
i=1

+ / B (0 — wFGuy()dp + B AS ()BEo| ")
0

<at([ by e x { [ B - FGn 2, o))
i=1
+ [ B 0 wF Gz + B s Bez] L[ Yo az e we
0 i=1

Vi v A
«{ / B (v — 1B (u,y(u)dp ) + / B9 (v~ wE G, yu)du] )
0 0

<[6M MLy + bLMZ[BEM MLy | # (z(v), y(v)).

Therefore,

d®(F (z(v), F y(v)) = sup w4 (97 (), F (y(v))
S

< sup[aMM,Ly + al;M2|# & M M,Ls|# (x(r), y(r))

veJ

<[DM, MLy + BL M IBEM MLy |d™ (z(v), y(1)).

Hence,
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A (F @), 7 ) = sup d(F (z(), 7 ()
ve g
< sup[aM, MLy + aL M| BE|M ML d™ (z(v), y(v))
tel
<Ax? <z(v),y(v)).
Since A < 1, this show that the operator ¢ is contraction "
on E, and so, by Banach fixed point theorem, there exists 2(0) = Z ci(vy). (3.2)
a unique fixed point z € & such that # (z(v)) = z(v). i—1

This fixed point is the solution of (2.1)-(2.2). Thus Theo-
rem 3.1 is proved.

Case study on Sobolev type of FFDEs
Consider the fuzzy differential equation of the form with a
non-local condition

(z(v)) = 3z(v) + 3vz(v)? (3.1)

A (IR, 20D, [Fo, 501

The / level set of fuzzy number 33 = [A+2,4— 2]
Now A level set of F(v,z(v)) = 3vz(v)?%is

[F(v,z()]* = [Buz(v)?]*
v [(/1 + 2)z;'(v + k)%, 4 — )L)zﬁ'(v + k)z}

n n X n
The A- level set of Zciz(vi):[Zciz(w)]ﬂ = [Zciz;"(w),
i=1

i=1 i=1
n A
et 0]

— (v[(/l +2)(2F )2 (4 — ) (W),

1O+ D00 G = HOF0)?)
=t max{( + 2)|(zf ("))* — G} ()2], (4 — DIz} () = GF )1}
=v max{(A + 2)|z/ () + y; W)z} (v) — y; W),

@ — Dzt W) + G )IIZHw) = 57 )1}
<4 — Dtlz}(v) + yF (V) max{|z} (1) — y¥* )], |22 (V) — ¥ ()]}
<(4 — Dblz} () + - ) max{|z} (v) — y; W], 127 (v) — 37 W)}
<4blz} (1)) + ¥+ ()| max{|z}-(v) — ¥} (W), |77 (v) = yF ()]}

=L (1201, [y (01 ),
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where L, = 4b|xf(v)) +yf(v)| meets the inequality

stated within the circumstance (A45).
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HA(1Y i 1Yaoor ot ([ Y aaton, 3 ezt [ e, 3 o]
i=1 i=1 i=1 i=1 i=1 i=1

=MH? (L2001 @),

n
where M, = | Z ci| satisfies the inequality which is given
i=1
in condition (A5»).
Thus, all conditions of Theorem 3.1 are satisfied. Hence
the system (3.1)-(3.2) has a unique fuzzy solution.

Fuzzy neutral integrodifferential equation
We shall explore at the non-linear neutral fuzzy inte-
grodifferential equation of the form in this section.

#4(12 0,201 12 D)) < Lyt (200,50)).

There exists I, > 0.
(As) The function % :JxE,— E,
condition.

satisfy the

A (1A 0,200 1A 0,y 0N ) < Lt (200, 50) ).

[B2(v) + 2 (0,20))] + Azv) = F(v,200) + / A, 2
0

v e (0,al, v £ (4.1)

2(0) + Y ciz(vi) =20,

i=1

(4.2)

where A,B:J — E, denotes a fuzzy coefficient and
J =10, a]. The function F,2 ,# : J x E,, — E,, is non-
linear fuzzy function and zy is a initial value.

To prove the existence of (4.1)-(4.2), the following
requirements must be fulfilled:
(Ag) The function 2 :JxE,— E,
condition

satisfy the

There exists Ly > 0.
(Ae¢) For convenience

M |BE2o|MsAMMEBE|Ly + M [ Ly + all (Lp+ Ls + aZi]
F My | Ly + Ly +aLy+b(Ly) < V.

In this section, we’ll suppose that there is an operator E on
E,;, which can be found using the formula

£ = [11 n f:c,-ﬂarly (u,-)]Bs] !
i=1

with

S{B—lﬂ W,z)-BLY (v)Z (0,2(0)) + / WY (i — B2 (M,Z(u))du}
0

vi "
+ /0 B (i — ) [Fu,2u) + /0 o v, 2| i} € B




Radhakrishnan et al. BMC Research Notes (2024) 17:39 Page 8 of 18

Definition 4.1 An expression for the integral equation  Remark 4.1 The fuzzy functional neutral integrodifferen-
z(v) tial equation (4.1, 4.2) has a fuzzy solution that satisfies (4.3).

c)=B"'% )BEzx + > B (v)IB%S{IB%_IQ” W, z(v) — B~LS (1)) 2 (o,z(O)}

i=1

+ 3B 0B [ B 0= [A2 0200 +F20)
i=1

+ / e v,z)dv|dp} +BTLS (12 (0,2(00) ~ B2 (v,2()
0

g i 43
+ /0 S (0= B [A2 (4,2G0) + Fu,20) + /0 A v,z d. 3

is said to be a fuzzy solution of (4.1, 4.2) on E,,.

2(0) = Ezo + Zcig{ﬂarlg’ v,z(v)) = B™L¥ (1,))£(0,2(0))}
i=1

m
x [A2 (u,200) + B 200)) + /0 H v, z0)dv] i} and

z2v) =B )+ Y B (u,-)e{ua%—lﬂ ,z(1)) = BLY (1)E(0,2(0))}
i=1

+3aB opef /0 7 o B [A2 (1,2, + F(w,2u0)
i=1
m
+ / A (v, 20)dv | dpch + BT (5)2 (0,2(0))
0
B2 wpa) [ 0= 0B (A2 (0,2,00)

n
+F(w, 2 (1)) +/0 H (1L, v,z(v))dv} du.

Therefore,

z(0) + Z cjz(vy)

j=1

=B 'Y ()Exn+» cBY (uj)E{IB*@ (v,z(1) — B7LY (1;))E(0,2(0))}

i=1

+> By (e /0 S = B A2 (1,2,0)) + F( 2, (10)
i=1
"
+ / A v, 20)dv|dp} + BT (15)2 0,20) = B2 (4,2,5)
0

vj u
X/Oly(Vj—u)B_l [Mf (u,zu(u))Jr]F(u,zu(u))Jr/O H(u,v,z(v))dv |d .
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Theorem 4.2 Ifthe assumptions (A1)-(Ag) are true, then

i 5 5
(4.1)-(4.2) offers an ambiguous conclusion on J. From the assumption (Ag), |(# 2)(v)| < 7. Therefore &

maps F into itself. Moreover, if z, y € F1, then
Proof Let Fibe the subset of C(J, E,) defined by
Fi={z:z0w) ek, |lzW)| <7, for t € J}.

We define a mapping FF— R by

(Z2)(v) =B MBS BEz2 — Y cBS (n)BE
i=1

V; t
« { /0 B9 (v; — W, 2(u)d + /0 (v = WBF(u 2(w))dp.

First to show that the operator F maps Fj into itself.
Now

(Z2)(v)| = B~L¥ (V)BEz + Z Bty (u)Bg{B—l,@ (v, z(v) = B~ L¥ (v)2 (o,z(O)}
i=1

+ e @Be{ [ B 0= [A2 40,200+ Fuz0)
=1
+ /M H (1, v,z(v))dv} du} LB ()2 (0,2(0) — B2 (v, 2(v))
0
v w
+ /0 S (0 = WB A2 (u,2() + Fu,2(0) + /0 A (v, 2(0))dv ]

<IB~'S )BEz| + 1Y B\ (u)IB%E{B‘lg’ (,2(0) = BLS (1) 2 (0,z(0)}|
=1

1 ey oBe{ [TB 0= w[A2 0260+ Fls 20
i=1
m

+ /%(M,u,z(u))dv}duh+|E*1y(v)g’ 0,2(0)) — B~12 (v,z(v))
0

v "
+/0 S (v— B [Ag’ (M,Z(M))+F(M,Z(u))+/0 H(p,v,z(v))dv|dul

<My|B & xo|Ms +MM|B & Lyl [ Ly + bl Ly + Lr+aly]
+ My MLy + Ly +bLy+aZ)).
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#(IF 20 F D))
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— ( {9{; LY BE+ Y B (B & {93 19 (1,x(1) — B S (1))P (O,x(O)}
i=1

+ > e ope{ [ B 0 - 0[A2 o200 + Flu 200)
i=1

n v
+/ H (1h, v,z(v))dv} du} +B Ly 12 (0,2(0)) — B~P(v,z(v)) +/ S (v—p)
0 0

12 2
x B~ [A2 (1,20) + F(u, 2(0)) + /O A v, z00)dv |, [BTL (0)BEyo

+Y By (v)IB%é’{IB%_l.? w,y(v) — B~L¥ (1) 2 (0, y(O)}
i=1

+3 By Be] /O B 0 ) [A2 (1,0 + F 500
i=1

“w v
+ /0 A v,y 0NdY]di} +BS 012 0,5(0) ~ B2 (0, 50) + /0 P =)

n )
x B[AZ (4,500 + Pt y00)) + /0 o i,y du] )

<M [BExo|M; + MM B E|Ly [ Ly + blls[ Ly + Ly +aZy]
t MLy + Lyt ait aLy) < VA0V O,

where§ = My|% & zo|Mj —I—MCMiL@ & Ly Ly~ bl
[gp+yf+b$k]:ﬂb.ﬂs[$p+$f+b$k+b$p].

Now,

& (17201 Fy0) ) = sup HUF 2001 17 y0)))

Ae(0,1)

84> (z(v),y(v)).

IA

Therefore,

A (17 200117 o))

IA

sup d¥([F z(W)I% [F y(n)1%)
2€(0,1)

= 51 (zmm).

Since § < 1, the above equation, demonstrate the con-
traction associated with the operator # over E, and

hence by Banach fixed point theorem there exists a
unique fixed point z € Fj such that (¥ z)(v) = z(v). This
fixed point is then the solution of the problem (4.1, 4.2).

Case study: Consider the non-local condition on the
fuzzy neutral indegrodifferential equation

(z(v) — 4z(v)) =3x(7) + 3t2%(7) + 3t22(1); (4.4)

x(0) = ci(T). (4.5)
i=1

The / level set of fuzzy number~ 3BV =[14+2,4— ]
Now A level set of Z (1,x(7)) = 31x(7)2 s
L7 (v, z(0)]" =[Bvz(v)*]”

=v[(2+ 22/ % 4 = D207,
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A  Apio , . . .
The /- level set of Y7, CiZ(Vi){Zz"Izl cl'z(w)] where, Ly = 4b|z;(v)) + y;(v)| satisfies the inequality
= [Z?:l cizf (i), Sy cixﬁ(vi)}

A (B, 20D, F, 50 1)
= (v[u +2)(zf ()% (4 — D)2,

10+ 070D 4 = HOF0))
=t max{(Z + 2)|(z} () — G )], (& = DIz )* = GF )2}
=v max{(Z + 2)z/ (v) + y; W) |lz}-(v) = ¥} V)],

@ = Dz W) + GO ) — yFw)1}
<(4 — Dtlz}v)) + y} ) max{lzf () — W), 124 () — ¥ )]}
<4 — Dblz}(v)) + y7 (W) max{lzf (v) — yf W], |z} (v) — yF )]}
<4b|z} (1)) + 7 (v)| max{|z} (v) — y{ V)], |} (1) — Y (W)]}
=Ly (1201 W),

where Ly = 4b|zf'(v)) + yf'(v)l satisfies the inequality = which is given in condition (45).
which is given in condition (A3). Thus, all conditions of Theorem 4.1 are satisfied. Hence

#1310t =He ([ e, 3 o], [ S a0, 3 enton)
i=1 i=1 i=1 i=1 i=1 i=1

<Me (L)1, 5001 ),

where M. = |}, ¢;| satisfies the inequality which is  the system (4.4, 4.5) has a unique fuzzy solution.
given in condition (A43).

#4122 020DV 12 00D ) =2 (V0.4 3 1)), 5 = H(E W)

f[G 4+ DOFE), B = DOLEN?)
=v max{(Z + Dz () — (GF ), G — DI (1) — GF )]}
<5bA#? ([z(vi]i,y(vi])') = ]Lp%d ([z(w]ﬂ,y(w)]z) ,

where, L, = 5b|xf(r)) + yﬁ'(t)l satisfies the inequality
which is given in condition (A4).

x4 ([ /0 H W, o 2T [ /0 A (v, u,z(m)]*) =1 (v[u + 2@ W), (& — HE W],

TG+ DOFWD, B = D))
= max{(Z+2)(z/ (")) — G; )],
(4= D ) = 67N}
= a0 yolh) = L (2oL yeol),
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lzllz s = sup [lz(W)]].

equation vel0.al

Take into account the following: Neutral integrodifferential

X ) X To demonstrate the system’s existence (5.1, 5.2, 5.3). The
equation with fuzziness

following requirements must be fulfilled in order for it to

Bz(v) + 2 (v,z(W)]' + Az(v) =F(v,z(v)) +/ H (v, w, z())d
0

v e ©,z],v# v (5.1)
n work:
2(0) + Y ciz(vi) = 20 (5.2)
= (A7)
Az(vk) =Ik(ka); k= 1,2,..,m, (53) Hd ([Zk(z(vl:))]i, [Ik(y(v]:))];) Slic%d ([Z(U))]A, [}/(U))];),

where A,B:J — E, denotes a fuzzy coefficient and
J =10,al, E, is the collection of all upper semi continu-
ous convex normal fuzzy numbers with bounded A—
level intervals. The function F,2 ,% :J x E, — E,
is nonlinear fuzzy function and zp is a initial value
and Zpz(vg) = Az(vg) = z(v,j) —z(v,) € E,. Denote
Jo =1[0,v1], vi = (Wi, vk1l, k =1,2,...,m and define
the following space:

Let 2 € ([0,a],X) = {z:z is a function from [0, a]
into X such that z(v) is continuous at v # v, and left
continuous at v =v; and the right limit z(v,j) exists
for k =1,2,...,mj}. Similarly as in ([33]), we see that
2 % ([0,a],X)is a Banach space with norm

k
> =L
i=1

In this part, we presume that an operator £ exists on [E,,
which is described by the formula.

£ = [11 n f:c,-ﬂarly (u,-)]Bs] !
i=1

with

e{B7'2 (,20)-B~LF ()2 (0,2(0)) + / YA (v — Bl (w2 (w)dp }
0

Vi 12
+ /0 B (= ) [Fu,2G0) + [ A v, zndv]du} e By

Definition 5.1 The integral equation’s z fuzzy solution

n
z(v) = VBLY (0)BEz + Y _ B LS (n)BE
i=1

<{B712 (0,20) =B )2 020) = Y. BT (e — w)Tiz(w0) |

O<yr<v

+Y Bl B /0 BT (0= 0 [AZ (1,20 + F(w, 20) o
i=1 .

+ /ﬂ # (1, v,z(v))dv}du} +B LY (12 (0,2(0) — B2 (v,2(v))
0
v n
+/0 S (v—wB! [A,@ (m,z(n)) + F(u, z(w)) +/0 A (W, v,Z(V))dU}dM

- > B (i — v Ti(z(wp)

O<vr<v
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is said to be a solution of (5.1, 5.2, 5.3) on J. Theorem 5.2 If assumptions (A1)-(A7) hold, then (5.1,
5.2, 5.3) has a fuzzy solution on J.

Remark 5.1 The fuzzy neutral integrodifferential equa-
tion (5.1, 5.2, 5.3) of the Sobolev type satisfies (5.3). Proof Let F;be the subset of 7 ¢ (J, E,,) defined by

2(0) = Ez+ Y cif:{B—lﬁ v,20)) =B~ )2 (0,200 — Y BT (g — )T (z(vp))
i=1

O<vr<v

n Vi 23
Y ae{ [ S 0= B[P (12,0 +fuz) + [ A Guyvz0)dv]dp |
i=1 0 0

and

z2) =BLS )€z + Y B (uj)g{la%—ly (v,z(1) — B7LY (1;))E(0,2(0))}
i=1

- > B (- wh(z(y)

O<vi<v
+Y By (pef /0 S i = B A2 (1, 2u(0)) + F (2, (1)
i=1
© vj
4 [C A v zonav|an} + 3717 )2 0,200 - B2 0n0) [ 50—
0 0

w
«B~! [A@ (12 () + Fp, 2 (1)) + /0 A (i, v,z(u))dv} du

- Z BLS (v — v)Tx(z(1))).

O<vg<v
Therefore,
n
z(0) + Z cjz(v)
j=1

=B )z + Y _cBTIS()E {B—ly (1,2(1) — B7LY (1,))E(0,2(0))}
i=1

— Z Bl (vj — vi)Zr(z(v))

O<vi<v

+Y B (pef /0 S i = B [AZ (1, 2u0)) + F (2, (1)
i=1

m
+/ A (1, u,z(v))dv} du} +B7LY ()2 (0,2(0) — B™'2 (v, 2,(v)))
0

v/' 12
X/o S (v — B! [A‘W (M,Z,L(M))JrlF(u,zﬂ(M))Jr/o H (p,v,z(v))dv|dp

- > B - wzp) = 2.

O<vyr<v
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Let My, | BEzo | M + M, MLy, + aMpMLyr + aMl, M

Fo={z:zWw) e E, lzWw)| <r, for t € J}.
(Lyr + allgr] + MCMiLﬁ &M {MS]Lpr + MLy, + aMg

We define a mapping T1:Fy— F by
[Lyr + alg] + MSLi] + M,L; = £5. Hence,

(F12)(v) = B L¥ W)BEz + ZciIBa—ly (V)BE
i=1

x {B2 0,20) B )2 0,200 — > BTN (e — wT(z(mo) }

O<vr<v

+ > By Be{ / BT (0= ) [AZ (1200 + F (i, 2G2)
i=1 0

+ / e v,z(v))dv} du} +B LY (12 (0,2(0) — B2 (v,2(1))
0

v "
+/0 I (v —M)Bfl[Aﬂ (1, z(n)) + F(u, z(w)) +/0 H (u,v,z(v))dv|dp

- > B (i — )T z(0p).

O<vr<v

To begin, we illustrate that the operator . transfers F;
to itself. Now

[(Z12)(0)| =B (1)BEz + Y _ ciB~LS (v)BE
i=1

x {B712 (0,200 =B )2 0,200 = > B (o — )Tz |

O<vr<v

+ 3By oBe{ [ B 0= w[A2 (0200 + s 200)
i=1

n /M A, v,x(z))dr] du} +B LY 12 (0,2(0) — B2 (1,2(v))
0

v "
+ /0 S 0= B [A2 (u,2w) + F(u,2(0) + /0 A v, 200 | ds

_ Z B~ L (v — vi)Zk(z(0))]

O<vg<v

< MME(‘:ZolMs + Msz]Lp + thMS]Lpr + beMS[}Lpr + b]Lkr]
+MM2|% & M, {Mstr + ML, + BM,[Zsr + allg] + MSJLL} + M,L;.
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I(F12) ()] < Ls. Now,
Therefore 1 maps JF into itself. Moreover, if z,y € F, d> ([5’12(11)]*, [g}ly(v)])) < sup eyfd<[<a;72(v)]i’ [;y(vm)

4€(0,1)
then
< £pd™ (z(v), y(v)).

Therefore

24 (1F1 2 (F )

— ( {B_ly ) BEZ + zn: B~ (v)BE
i=1

x B2 0,20) BT )2 0,200~ > BN (e — wTilz () |

O<yi<v

+> By )Be{ /0 BT (0= ) [AZ (120 + F (i, 2G2)
i=1
+ /M H (1, v,z(v))dv} du} LB ()2 (0,2(0) — B2 (v, z(v))
0
v 12
+ /0 S0 —w BAP (w2(0) + F (1,20 + /0 v, 20))dv] d

- Y B - whieo)| )[BT BBy + By (BE

O<yg<v i=1

x (B2 y0) =B )2 0.50) = Y B (= L) |

O<vp<v

+Y By Be] /0 B - ) [AZ (0500 + Fasy00)
i=1
i
+ / A v yo)dv|dit +BTS 02 0,20) ~ B2 (1,5(0))
0
v n
+ / S =B APy w) + F () + /0 oy | du
0

- Y 279 @ - wLoe)] )

O<vg<v

< [Mbw & 20|Ms + MyM,L, + bM,M,L,r + aM,M[L,r + bL;r]
+ MM 6 M [MULyr + MLy + aMy 27 + ali] + MLi| + MLy # (s, o)1)

=egH! (L2 o)1),
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A (1720 Fpo)l) = sup d® (17 200117 y0)1)

2€(0,1)
< LAt (z(v),y(v).

Since £ < 1, the above equation, the operator F1is a
contraction on E,, the Banach fixed point theorem indi-
cates that there exists a unique fixed point z such that
(F12)(v) = z(v). At this fixedpoint, the problems (5.1)—
(5.3) arrive at their conclusion.

Case study
Consider the fuzzy neutral indegrodifferential equation
with non-local condition

(x(7) — 4tx% (7)) =2[%(7) + t22(7)] + 312(7)>

6.1)

2(0) =Y (%)) 6.2)
i=1

Ax(tr) = Tp(x(tr)) =2>x(x 7). (6.3)

Page 16 of 18

Let 2 (1,x(7)) = 414%(1), F (1,x(1) = sz(r),for A

(¢, x(w)dp = 3t2%(0), Ti(x(10)) = 267 x(7).
The A level set of fuzzy numbers

0:[0/=[A—1,1-4];
2: 21" =[A+1,3—Al;
3:B =[A+2,4— Al
4:[4" =[A+3,5-

Now « level set of functions are
L7 (r,2(0)) =[2t4*(0))
=t [+ D02, @ = D )]
[2 (r,2(0)]" =[drx(r)]
=t [0+ 3)x} (D), (5 = D (0)]
[/ "o xudn] =Bexm?)

— [(z + 2 (), (4 — A")xj(r)z}.

2
The - level set of Z?=1 cix(ti);[zl’,‘zl Cix(fz’)}
= {Z?:l Cixfl(fi)’ >t Cixﬁ”(fi)}

(17 @ a@)V L7 (1y@)*) =H (210 + D (0), G = Do),

[+ DOF ) B = HOHO)
=t max{(X + 1)|(x/ (1)) — G} ()], B — D&} (1) — (i (T}
=t max{(X + Dlxf (v) + (@)l (1) — ()],

B = DIxH (@) + GHE) ) (1) — ¥ (D]}
<3 = Dtlx} () + /(1) max{|a} (1) — yH ()], %} (1) — yi (D]}
<(3 = Dbla} (1)) + v/ (1) max{|x} (v) — y} (D)1, |5/ (x) — 7 (D]}
<3blx} (1)) + ¥/ (0) | max{|x/ (v) — ¥} (D)], |4}(2) — ¥} (D]}
=L (@) o)),

where s = 3b|xf(t)) —|—y£'(t)| complies with the ine-
quality indicated within the case of (A3).

1 (1 an( 03 conet?) = ([ e, 3 i), [ S e 3 o)
i=1 i=1 i=1 i=1 i=1 i=1

<MH (1l (@),
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where M, = | "7, ¢i| complies with the inequality indi-
cated within the case of (45).

Page 17 of 18

H (12 (x4 12 @y ) =H (116 + 36 (0, 6 - HE )
TG+ DOF (), 3 = DOHD)1)
=t max{(A+ DIG7 (1) = 070}, B = DI (0) = (D))
=5bH (@1 9@ ) = Ly (el y@1?),

where, L, = 5b|xri(1:)) + yﬁ(r)| fulfills the inequality stip-
ulated in premise (A4).

([ /0 ' anm) g [ /0 ' aEm) )') =

=

H (10 + DD, (@ = D ),

TG+ DOFOD, B = D))

T max{(4 + 2)|(x} (1)) — ¥} (D)),

4 — DA D) = GHEN)

abH! (L)l y@) ) = L (Il y@r),

where, L; = 4b|xﬁ'(t)) +y;1(t)| meets the inequality
stated in the scenario (45).

A A
H (T DTk N1 ) = 1 ([2e72x(w)] s 12e7 2792 7)|)
< B =202 H (@) y @)1
= Lt (x@Voy@l),

where, L; = 3¢~ satisfies the inequality which is given
in condition (A7). As a result, all of Theorem 5.1’s require-
ments are met. As an outcome, the fuzzy solution for the
system (6.1, 6.2, 6.3) appears unique.

Conclusion

The outcomes of this work demonstrated the existence of
specific types of impulsive neutral integrodifferential equa-
tions with Sobolev-type non-local conditions in a fuzzy
environment. Fuzzy intervals that are normal, convex,
upper semi-continuous, and compactly supported were
used in conjunction with the fixed point strategy to exam-
ine the findings. An example is given in order to illustrate
the concept for each case. Future research will expand
this type of study to include control theory and fractional
calculus.
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