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Objectives: Numerical treatment of singularly perturbed parabolic delay differential equation is considered. Solu-
tion of the equation exhibits a boundary layer, which makes it difficult for numerical computation. Accurate numeri-
cal scheme is proposed using 8-method in time discretization and non-standard finite difference method in space

Result: Stability and uniform convergence of the proposed scheme is investigated. The scheme is uniformly conver-
gent with linear order of convergence before Richardson extrapolation and second order convergent after Richardson
extrapolation. Numerical examples are considered to validate the theoretical findings.
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Introduction

Singularly perturbed delay differential equation (SPDDE)
is a differential equation in which its highest order deriv-
ative term is multiplied by small perturbation param-
eter and involving at least one delay term. Such type of
equations have variety of applications in modelling of
neuronal variability [15], in control theory [3], in descrip-
tion of human pupil-light reflex [14] and so on. Recently,
a number of papers have been published on numerical
treatment of time dependent singularly perturbed differ-
ential difference equations. In papers [1, 2, 4-8, 10-13]
and [17] different authors have developed numerical
scheme for treating SPDDE. The schemes in above listed
papers have only linear order of convergence. In this
paper, we construct second order uniformly convergent
numerical scheme using non-standard FDM with Rich-
ardson extrapolation.
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Notation: In this paper, the symbols C,C; and Cy
denotes a positive constant independent of the perturba-
tion parameter and number of mesh points. The norm ||
denotes the maximum norm.

Considered equation
We consider a singularly perturbed parabolic delay differ-
ential equation of the form

u %u

o E@ + a(x)z—:l(x —8,t) + b(x)u(x — 8,t) = f (x(d))

on the domain D=Q x A = (0,1) x (0, T] for some
fixed number T > 0 with initial and interval-boundary
conditions

u(x,0) = up(x),x € Q,
ux,t) = o, 1), (x,t) € [=5,0] x A, u(1,t) =¥ (1,t),t € A,

2)
where 0 <e K1 is singular perturbation param-
eter and & is delay satisfying 8§ <e. The functions
a(x),b(x),f(x,t), ug(x), d(x,t) and ¥ (1, t) are assumed to
be sufficiently smooth and bounded with b(x) > b* > 0,
for some constant b*,
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Solution of (1)—(2) exhibits boundary layer [4] and posi-
tion of the layer depends on the conditions: If a(x) < 0 left
layer exist. If a(x) > O right layer exist.

Some preliminary of the analytical solution
For the case § < ¢, using Taylor’s series approximation for
the terms containing delay u(x — §,¢) and u,(x — 8, ¢) is
valid [16]. Since, we assumed § < &, we approximate (1)—
(2) by

du 32

u ou
EYRl Cs(x)@ +P(x)£ + bx)u(x,t) = f(x,1), (3)

with initial and boundary conditions

u(x,0) = up(x), x € Q, :
u(0,t) = ¢(0,8), t € A, u(1,t) =¥ (L,8), t € Z\,( )

where Cce(x) =¢ — %b(x) + Sa(x) and
px) = a(x) — §b(x).

For small values of §, (1)-(2) and (3)-(4)
are  asymptotically  equivalent. = We  assume

0<celx) <e?— %b* +8a* =c¢,, where b* and a*
are the lower bound for b(x) and a(x) respectively. We
assume also p(x) > p* > 0, implies occurrence of bound-
ary layer near x = 1.

Lemma 2.1 ([6], Theorem 2.1) The derivatives of the
solution u(x, t) of (3)—(4) is bounded as

'V ux, t) i —pt(1—
pr(1=x)/ce i i
P §C<1+cge ),05154,05152, (5)

where C a positive constant independent of the parameter
Ce.

Numerical scheme

Temporal semi-discretization

We sub-divide the time domain [0, 7] into M inter-
vals as # =0, {; =jAt,j=0,1,2,...,M —1, where
At = T /(M — 1). We use 0—method for semi-discretizing
(3)—(4). In general, stable numerical scheme is obtained
for % <6 <1 In case 0 = % it becomes Crank Nicolson
method which is second order convergent. In this discre-
tization, for each j = 0,1,2,..., M — 1 we obtain a system
of BVPs

(1 + AOLA) Uy (%)

= (0 — DAL Uj(x) + ALOf (x, 541) + (1 = 0)f (%, 5)],
6)
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where
2 d
LA Ui () = —¢e 5 Ui () + p(6) -
Uj11(x) + b(x)Ujy1(x),
with the boundary conditions
Ui+1(0) = ¢(0,tj+1), Uir1(1) = ¥ (1, t41). (7)

Lemma 3.1 (Global error estimate.) The global error
estimate up to tj 1 time step is given by

Ci(At), 3 <0 <1, .
HE/+1HS{C;(N)2,29:%’ Vi=12,...

Spatial discretization

Exact finite difference

To construct exact finite difference scheme, we follow the
procedure in [9]. Consider the constant coefficient homo-
geneous differential equations of the form

d> d
—Ce ;;(zx) +p l;ix) + b u(x) =0 )
d%u(x) LAu(x)

—Ce dxz + ]9 dx 01 (10)

Equation (9) has two independent solutions namely
exp(/1x) and exp(lyx) where 15 = PV ) ek W.

Let x=xo+ih i=12.. N, %=02y=1h= 1
where N is the number of mesh intervals. We denote
the approximate solution of u(x) at mesh point x; by U;.
Our main objective is to calculate a difference equa-
tion which has the same general solution as the differ-
ential equation in (9) has at the mesh point x; given by
U; = Aq exp(lix;) + Az exp(Jax;). Using the theory of
difference equations for second order linear difference
equations in [9], we obtain

* *)2 4 *
exp<” h>ui_1 o (W) U
Ce

2¢e
*

h
+ exp (—I;C

&

)Ui+1 =0
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is an exact difference scheme for (9). For ¢ — 0, after

arithmetic adjustment, we obtain
U1 —2U;+ Ui +pt U — U _o.

hee *h h
e (exp(Z) — 1)

From (12) the denominator function for second deriva-

(12)

tive discretization is y2 = % (exp (%) - 1). For varia-
ble coefficient equation, y? can be written as
he < (hp(x') > )
2 3 i
yi=——exp| —— ) —1). 13

e cg 13
Discrete scheme B
The spatial domain Q=1[0,1], discretized
with uniform mesh length Ax=/4 such that

QN ={x=xo+ih i=12..,N-1 % =0z =1 h= L%} where
N is the number of mesh intervals. Using the discretiza-
tion in (12) into the scheme in (6), we obtain

1+ AL AUy = gije1, i=1,2,...,N = 1,

(14)
where
Ui—1j+1 = 2Uij + Ui
Lh,AtUiHl = ¢, Tl l}2 i+l
Vi
Uiji1 — Ui—1j41
+ pls) ——— 4 b)) Ui jga

h

and gij41 = —(1 — O) AL UL + ALOf (x4, t11) + (1 — 0)f (s, )]

Stability analysis and uniform convergence

We need to show that the scheme in (14) satisfies the dis-
crete maximum principle, uniform stability estimates and
uniform convergence.

Lemma 3.2 (Discrete maximum principle.) Let U;j;1
be any mesh function satisfying Upj1 > 0, Un,j+1 > 0.
Then, (1+ AtOL2NU; 51 > 0,i=1,2,...,N — 1
implies that U;j1 > 0,¥i =0,1,...,N.

Proof Suppose there exist k €{0,1,...,N} such
that Uy j+1 = ming<j<n U;j+1 <0, which  implies
k #0,N. Also we assume that U141 — Ugjp1 >0
and  Ugjy1 — Ug-1j41 <0. Using the assumptions
made above, we obtain (1+At(9Lh’At)L[k,j+1 < 0, for
k=1,2,3,...,N — 1. Thus the supposition U1 <0,
for i=0,1,...,N is wrong. Hence, we obtain
Uijy1 >0, Vi=0,1,...,N. OJ
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Lemma 3.3 (Uniform stability estimate.) Solution U; 1
of the discrete scheme in ( 14) satisfies the bound
Uijarl] < [lgia]| 0 + Arop™ !
+max {|¢(0, 0|, [¥ (L, 41| }-

’

(15)

construct a barrier func-
tions as JT;}E»H = ||gij+1]|(1 + A0 7!
+max {[¢ (0,40, [ (L g41) | } £ Uija. We
can easily show that 7T$»+1 >0, 7y 20 and

a1+ At@Lh’At)JT;; 1 = 0. By the discrete maximum prin-

Proof Let us

’

ciple, we obtain T =0,Vi=0,1,2,...,N. 0

Let us define the differences opera-
tors in s ac? ) 38 ( 1)3+ Vi1 () = M,
D™ Vi1 (x) = Vi1 i)~ Vi1 Xi-1) and

+ _H— A .
D*D Vo () = L Vi),

Theorem 3.1  The solution U; ;1 of (6) satisfies the trun-
cation error bound

|1+ ALY (U1 () = Ui

14 sup eXP(_P*(lg_xi)/Cs) ‘
x,-e(O,l) Cg

<Ch

(16)

Proof We consider the truncation error

|+ AL (U1 () — Ui

A0 i (x) DiD, ¥, (%)
= Ce | 5 U1 (x) — +1(%;
& dx2 ] 1 ylz ] L
d _
+pi auj—&-l(xi) — D, Uja(x:)
dZ
< Cec; Wuj+l(xi) — DDy Uy ()
h2
+ Cee|| — — 1| D Dy Ujya (x:)
i
d2
+ Ch’dxzujﬂ(xi)
| d* a2
< Ccgh ’MU/'H(M) + Ch‘dxzuj+1(xi) .

The estimate ¢,

h—z — 1’ < Ch used in the above expres-
sion is proved in [1]. Using bound of the derivatives of

the solution in Lemma 2.1 and since ¢3 < c2, we obtain



Woldaregay and Duressa BMC Res Notes (2021) 14:358

(L AOLPAY (U1 (x0) = Uiy

exp (A—P*(Ci—xi))
<Ch|l+ sup —3
x;€(0,1) Ce

Lemma 3.4 For a fixed mesh N, and for c. — 0, we
obtain

exp (200
lim max —————Z2 =0,
ce—01<i<N-—1 c
i=12...,.N—1,m=123,... 17)
Using Lemma 3.4 into Theorem 3.1 gives

|(1 4+ AtOLPAY) (U1 (xi) — Uj1)| < Ch. Applying the
discrete maximum principle in Lemma 3.2, we obtain
the error bound as |L[j+1 (%) — L[i,j+1| < Ch.

Theorem 3.2  Solution of the scheme in (14) satisfies the
uniform error bound

CINTI+(At), 2 <0 <1,
CNT' +(AD?), 6 = 3,
(18)
Proof The uniform error bound of the scheme follows
from the results of Theorem 3.1, Lemma 3.4 and the
bound from temporal discretization. O

SuP1 |y 1) — Uija || < {

O<ce <

Richardson extrapolation

We apply the Richardson extrapolation technique in
spatial direction to accelerate the rate of convergence
of the scheme. Let L[lzﬁ_{w denoted for an approxi-
mate solution on 2N and M number of mesh points by
including the mid points x;11/2 into the mesh points,
which gives that Llffil = 2U§i+’f4 — U;j111is an extrapo-
lated solution. The uniform error bound becomes

Lt H - { CINZ+(AD), 3 <0 <1,

sup Hu(xi; t]'+l) - Hij+1 C(N72 + (At)z), 6 = %7

0<ce k1

(19)

Numerical results and discussion

We considered two numerical examples of the form in
(1)—(2) from [6, 18] to illustrate the theoretical findings
of the proposed scheme.

Example 4.1 a(x) =2 —x%, b(x) = x>+ 1+ cos(nx)
and f(x) = 102 exp(—t)(1 — x) for up(x) =0, 0 <x < 1
and ¢(x,t) =0, x € [—6,0], ¥(1,£) =0 for final time
T=1
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Table 1 Maximum absolute error of Example 4.1 for § = 0.9,

0=

el N=M— 2* 2° 26 27

Before extrapolation

1074 14608e—02 8.1605e—03 4.3079e—03 22125e—03
1070 14608e—02 8.1600e—03 4.3077e—03 22124e—03
108 14608e—02 8.1600e—03 4.3077e—03 2.2124e—03
1010 14608e—02 8.1600e—03 4.3077e—03 22124e—03
ENM 1.4608e—02 8.1600e—03 4.3077e—03 2.2124e—03
rNM 0.8401 0.9217 0.9613 -

After extrapolation

10~4 8.1605e—03 2.2125e—03 5.6425e—04 1.4182e—04
1076 8.1600e—03 2.2124e—03 56422e—04 14181e—04
108 8.1600e—03 2.2124e—03 5.6422e—04 14181e—04
10710 8.1600e—03 2.2124e—03 56422e—04 14181e—04
ENM 8.1605e—03 2.2125e—03 5.6425e—04 14182e—04
NM 1.8830 19713 1.9923 -

Table 2 Maximum absolute error of Example 4.2 for § = 0.9¢,

0=1

e IN=M—> 24 25 26 27

Before extrapolation

10~% 9.2814e—03 6.5095e—03 3.8026e—03 2.0167e—03
10 9.2806e—03 6.5094e—03 3.8028e—03 2.0170e—03
108 9.2806e—03 6.5094e—03 3.8028e—03 2.0170e—03
1010 9.2806e—03 6.5094e—03 3.8028e—03 2.0170e—03
ENM 9.2814e—03 6.5095e—03 3.8028e—03 2.0170e—03
NM 05118 0.7755 09149 -

After extrapolation

10~* 6.5095e—03 2.0167e—03 5.1663e—04 1.2977e—04
10~ 6.5094e—03 2.0170e—03 5.1667e—04 1.2978e—04
10-8 6.5094e—03 2.0170e—03 5.1667e—04 1.2978e—04
1010 6.5094e—03 2.0170e—03 5.1667e—04 1.2978e—04
ENM 7.028%—03 2.0310e—03 5.1667e—04 1.2978e—04
NM 1.7911 1.9749 1.9932 -
Example 42 a(x)=2—x2 b(x)=3—x and

f(x) =exp(®)sin(rx(1 —x)) for wup(x) =0,0<x<1
and ¢(x,t) =0, x € [-5,0], ¥(1,t) =0 for final time
T=1.

The exact solution of the examples are not known. We
use the double mesh procedure to calculate maximum
absolute error as EQIS’M = max; |L[£’\]{'M - L[Z]N 2M) The
uniform  error  estimate is  calculated using
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Fig. 1 Boundary layer formation in 3D view of Example 42 onae = 10" be = 1072, ce = 10 >andde = 107*

ENM = max, s ’EéVS'M . The uniform rate of convergence

is calculated using rN'M = log, (EN M | E2N.2M ).

Solution of Examples 4.1 and 4.2 exhibits a right bound-
ary layer. As one observes in Fig. 1, as the perturbation
parameter, ¢ goes small; the boundary layer formation
becomes more visible. In Tables 1 and 2, the maximum
absolute error, the uniform error and the uniform rate of
convergence of the scheme before and after Richardson
extrapolation is given for different values of ¢ and mesh
numbers. As one observes the results in the tables, the
maximum absolute error before Richardson extrapola-
tion are independent of ¢ as, the parameter ¢ goes small.
The scheme before Richardson extrapolation have linear

order of convergence and the scheme after Richardson
extrapolation have second order of convergence.

Conclusion

In this paper, second order uniformly convergent numerical
scheme is developed for solving singularly perturbed para-
bolic delay differential equation. The developed scheme
is based on non standard FDM. Stability of the scheme is
investigated using construction of barrier function for
the solution bound. Uniform convergence of the scheme
is proved. Applicability of the scheme is investigated by
considering two test examples. Effects of the perturbation
parameter on the solution is shown using figures and tables.
The scheme is accurate, stable and uniformly convergent.




Woldaregay and Duressa BMC Res Notes (2021) 14:358 Page 6 of 6

Limitations 4. GuptaV, Kumar M, Kumar S. Higher order numerical approximation for
time dependent singularly perturbed differential-difference convection—
diffusion equations. Numer Methods Partial Differ Equ. 2018;34:357-80.

+ The proposed scheme is not layer resolving method 5. Kumar D, Kadalbajoo MK. A parameter-uniform numerical method for

(i.e. there is no sufficient number of mesh points in time-dependent singularly perturbed differential-difference equations.
. Appl Math Model. 2011;35(6):2805-19.
the boundary layer reglon)' 6. Kumar S, Kumar BR. A domain decomposition Taylor Galerkin finite
element approximation of a parabolic singularly perturbed differential
equation. Appl Math Comput. 2017;293:508-22.
Abbreviations 7. Kumar S, Kumar BR. A finite element domain decomposition approxima-
SPDDE: Singularly perturbed delay differential equation; FDM: Finite difference tion for a semi-linear parabolic singularly perturbed differential equation.
method. Int J Nonlinear Sci Numer Simul. 2017;18(1):41-55.
8. Kumar R, Kumar S. Convergence of three-step Taylor Galerkin finite ele-
Acknowledgements ment scheme based monotone Schwarz iterative method for singularly
The authors thanks the editor and reviewers for their constructive comments. perturbed differential-difference equation. Numer Funct Anal Optim.
2015;36(8):1029-45.
Authors’ contributions 9. Mickens RE. Advances in the applications of non-standard finite differ-
Both authors contributed equally. Both authors read and approved the final ence schemes. Singapore: World Scientific; 2005.
manuscript. 10. Parthiban S, Valarmathi S, Franklin V: A numerical method to solve singu-
larly perturbed linear parabolic second order delay differential equation
Funding of reaction-diffusion type. Malaya J Matematik. 2015:412-20.
No funding organization for this research work. 11. Rai P, Sharma KK. Singularly perturbed parabolic differential equa-
tions with turning point and retarded arguments Int J Appl Math.
Availability of data and materials 2015;45(4):404-9.
No additional data is used for this research work. 12. Ramesh VP, Priyanga B. Higher order uniformly convergent numerical
algorithm for time-dependent singularly perturbed differential-differ-
Declarations ence equations. Differ Equ Dyn Syst. 2019;27:1-25.

13. Ramesh VP, Kadalbajoo MK. Upwind and midpoint upwind difference
methods for time-dependent differential difference equations with layer
behavior. Appl Math Comput. 2008;202(2):453-71.

14. Senthilkumar LS, Mahendran R, Subburayan V. A second order conver-
gent initial value method for singularly perturbed system of differential-
difference equations of convection diffusion type. J Math Comput Sci.
2022;25(1):73-83.

15. Stein RB. Some models of neuronal variability. Biophys J. 1967;7(1):37-68.

16. Tian H.The exponential asymptotic stability of singularly perturbed
delay differential equations with a bounded lag. J Math Anal Appl.
2002;270(1):143-9.

17. Woldaregay MM, Duressa GF. Uniformly convergent numerical method
for singularly perturbed delay parabolic differential equations arising in
computational neuroscience. Kragujevac J Math. 2022;46(1):65-84.

18. Woldaregay MM, Duressa GF. Almost second-order uniformly convergent
N . numerical method for singularly perturbed convection-diffusion-reac-

Received: 12 August 2021 Accepted: 31 August 2021 tion equations with delay,gApplyAna\. 2021. https://doi.org/10.1080/00036

Published online: 15 September 2021 811.2021.1961756

Ethics approval and consent to participate
Not applicable.

Consent for publication
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Author details

'Department of Applied Mathematics, Adama Science and Technology
University, Adama, Ethiopia. 2Department of Mathematics, Jimma University,
Jimma, Ethiopia.

Publisher’s Note

References Springer Nature remains neutral with regard to jurisdictional claims in pub-

1. Bansal K, Sharma KK. Parameter-robust numerical scheme for time- lished maps and institutional affiliations.
dependent singularly perturbed reaction—diffusion problem with large
delay. Numer Funct Anal Optim. 2018;39(2):127-54.

2. Chakravarthy PP, Kumar K. An adaptive mesh method for time dependent
singularly perturbed differential-difference equations. Nonlinear Eng.
2019;8(1):328-39.

3. Glizer VY. Asymptotic analysis and solution of a finite-horizon H* control
problem for singularly-perturbed linear systems with small state delay. J
Optim Theory Appl. 2003;117(2):295-325. Ready to submit your research? Choose BMC and benefit from:

fast, convenient online submission

thorough peer review by experienced researchers in your field

rapid publication on acceptance

support for research data, including large and complex data types

gold Open Access which fosters wider collaboration and increased citations

maximum visibility for your research: over 100M website views per year

At BMC, research is always in progress.

Learn more biomedcentral.com/submissions . BMC



https://doi.org/10.1080/00036811.2021.1961756
https://doi.org/10.1080/00036811.2021.1961756

	Accurate numerical scheme for singularly perturbed parabolic delay differential equation
	Abstract 
	Objectives: 
	Result: 

	Introduction
	Considered equation
	Some preliminary of the analytical solution

	Numerical scheme
	Temporal semi-discretization
	Spatial discretization
	Exact finite difference
	Discrete scheme

	Stability analysis and uniform convergence
	Richardson extrapolation

	Numerical results and discussion
	Conclusion
	Limitations
	Acknowledgements
	References




