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Introduction

A b-metric space also referred to as a metric type space
by some researchers is one of the most influential gen-
eralizations of ordinary metric space. It has a wide range
of uses in mathematical research and scientific applica-
tions. It was first established by Bakhtin in [7] and even-
tually expanded upon by Czerwik in [10]. Later, Aghajani
et al. [1], Allahyari et al. [5] investigated some fixed point
results of generalized contractive mappings in partially
ordered b-metric space and then applied their results to
quadratic integral equations. Common fixed point results
for generalized weak contractions in the same con-
text was studied by Aghajani et al. [2]. Also, the results
on common fixed point for two self mappings under an
implicit relation was explored by Akkouchi [3]. Some
remarks on fixed point results in b-metric space were
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discussed by Aleksi¢ et al. [4]. Common fixed point for
weak @-contractions on b-metric spaces was examined
by Aydi et al. [6]. Recently, some results on fixed point,
coincidence point, coupled coincidence point for the self
mappings satisfying generalized weak contractions have
been discussed by Belay et al. [8], Seshagiri Rao et al. [20,
24, 25] in partially ordered b-metric space with necessary
topological properties.

In this paper, we introduced the following general-
ized weak contraction condition which involve the alter-
ing distance functions ¢A> € d, 1} € U defined below to
acquire a fixed point of a mapping £ 8 — P in a par-
tially ordered b-metric space

PGNL e, L)) < dC, ) — P (DE, @), (1)

forany ¢, @ € Pwith < @,s > land, where
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B 0@, o) [1+0(5, %)) 0, L) 0w, L)
C, ) —max{ 11 0C, o) , 11 0@, ) ,5(;,3{),5(23,313),3(;,&;)}
and @ Eni1)) = GO(L L1, L En))
(¢, @) = max 1500, o) 0G@) . < (CGu-1,))

Also generalized this result by involving two self map-
pings in the above generalized contraction condition to
obtain a coincidence point, coupled coincidence point
and common fixed point for the mappings in the same
context. Our results are generalized and extended the
results of Belay et al. [8], Bhaskar et al. [9], Harjani et al.
[12] and Jachymski [14] and Seshagiri Rao et al. [20, 24,
25]. The authors may refer the papers of Aghajani et al.
[1], Dori¢ et al. [11], Huaping Huang et al. [13], Roshan
et al. [18, 19] and Seshagiri Rao et al. [21-23] for the
basic definitions and necessary results which we used in
the present study.

In the whole paper, we use the
ing nations for the altering distance
® = {¢/¢ is continuous, non-decrasing self
mapping on [0, +00) with q@(e) =0iffe =0, for ¢ € [0, +00)}
and W= {I/Af / g@ is lower semi-continuous self mapping
on [0, +00) such that \Z(é‘) = 0 if and only if ¢ = 0, where ¢ € [0, +00)}.

follow-
functions:

Main results
We start this section with the following fixed point result
in a complete partially ordered b-metric space.

Theorem 2.1 Suppose (B,0,=<) be a complete par-
tially ordered b-metric space with s > 1. Assume that a
continuous self mapping ¥ on B is non-decreasing with
respect to < and satisfies the condition (1). If for some
¢o € B such that Ly <X L Lo, then ¥ has a fixed point inB.

Proof The proof is trivial for ¥ ¢y = ¢o, for some
Zo € B. Suppose not then o < L. Now define a
sequence {¢,} C P by {uy1 = L&y, for m > 0. Since &L is
non-decreasing then

lo<ZLo=0= 2 =2ZLh=Crr1 =2 (2

If for some np € N, {,;y = {uy+1, then from (2), £ has a
fixed point &,,. Assume that ¢, # ¢,41 for all n > 1. Since
Cn > {y—1forallm > 1, then from (1), we have

— V(D (n—1,n))-

Thus from (3), we have

1
6(§n: §n+1) = 8($ Cn—1,3’§n) < jc(é‘n—ly Cn)) (4)
where

0 n:v(f n 140 n— , L n—
C(fnflr é‘n) = max{ (C gl)j_ 6({ fi 51) 3 1)]
S(Cn—lr gfn—l) 6(;;1, g{n)
1+ 6(;;’1—1: Cn)
6(§n71» o([;nfl)r
6(§n; < Cn), 5(4}171: gn)}
= max {0(&u, Lnt1)s
5(;;«171: gn) 6(91’ §n+1) }
,0 n—1>6n
L0t gn )
= max{6(§n, §n+l),6(gn71: gn)}'

’

)

If max{0(¢u, $nt1), 0(Cn—1,n)} = 0(ln> Cut1) for some
n > 1, then from (4), we have

1
6(§n: §n+1) = 78@;1: §n+1)»

this is a contradiction. Hence, max{0(¢,;, {u+1), 0($n—1,En)}
= 0(¢y—1,¢n) for all n > 1. Thus from (4) we have

1
6(§n: §n+1) = jé(gn—lr {n) (5)

Since i € (0,1) then {¢,} is a Cauchy sequence from [4,
6]. Also, the completeness of 3 implies that ¢, — ¢ for
some e € B .

Furthermore the continuity of % implies that,

— G 1 — i G — 1 —
Ye=2( I w= I L= In b =e



Kalyani and Seshagiri Rao BMC Research Notes (2022) 15:29

which shows that . has a fixed point ¢ € 3. O

We have the following result in which the mapping ¥
is not continuous, still is valid to have a fixed point.

Theorem 2.2 According to Theorem 2.1, a non-continu-
ous self mapping ¥ has a fixed point if 3 meets the condi-
tion (6):
a non-decreasing sequence {{,} C B such that
> ee€Ptheng, <efornmeN, (6)
that is, ¢ = sup ¢,,.

Proof As from Theorem 2.1, a non-decreasing Cauchy
sequence {{,} C ‘P exists such that ¢, — ¢ € °B. Hence
from condition (6), ¢, < efor all , i.e., & = sup &,

Next to show that ¢ is a fixed point of . in . Suppose
that X ¢ # ¢. Let

d(e, &)1+ 0(Cn, L tn)]
C(¢y, €) = max { T
0(Cn, L&) O(e, L e)
14 9(¢y )
O, L En), 0(e, L €),0(Ln, 8)}

’ ’

and

D¢, €) = max { N 9}'

1 + 6({}4; 8)

As n — +00 and the fact that liT ¢y = &, we obtain
n—+0o0

that

HETOOC(KH’S) = max{6(£7 38)10} = 6(8138); (7)

and

HETOO’D(;,,, ¢) = max{d(e, L¢),0} = 0(¢, L¢). (8)

Since ¢, < ¢ for any #, then (1) becomes
$O(u+1, L €) =PO(L tn, L €))
< ¢ (L, Le)
< $(Cwe)
~ V(D& ).
Taking n — +ocin (9) and from Egs. (7) and (8), we get

)

P @(e, L)) < $pA(e, L&) — Y (D(e, L&) < pD(e, L&),

which is a contradiction. Hence, L ¢ = ¢, i.e.,, £ has a
fixed point ¢ in B. O
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Theorem 2.3  If every two elements of 3 are comparable
then & has a unique fixed point in Theorems 2.1 and 2.2.

Proof Let(* # w* be two fixed points of Z in 33, then
from (1), we have

PA(LL, L ™) < s NLLK, Lw*))
< ¢CE*, %) — Y(DEH, @")).

As aresult, we get

3t w*) = DL L) < Ct ), (10)

g

where

o™, L") [1+0¢ L)

’

C(¢*,m™) = max {

1+0(5*@*)
o, L") o™, Lo*) . N
14+ 3" ™) 0G5 280,

o™, L@*),0( ")}
_ {5(w*,w*)[1 +0(5*,¢M)]
= max

)

1+0Q* o)
(%, ¢ 0@ ™, ™)
’5 *7 *
Croc a0

(@, @), 0", w*)}
= max{0,0(¢*, @ ™)}

Therefore from (10), we have
1
6(C*r w*) S 76@‘*1 w*) < 8(5*’ ZD'*),
g

which leads contradiction to ¢* # @™, Thus, * = w*.[]

We have the following consequences from Theo-
rems 2.1, 2.2 and 2.3.

Corollary 2.4 Instead D(¢,w) by C(¢,w) in condi-
tion (1), we have the same conclusions as from Theo-
rems 2.1, 2.2 and 2.3.

Corollary 2.5 Taking (ﬁ(m) = m and 1/}(m) =1—-km
in Corollary 2.4, then the contraction condition becomes

0w, L) 140, L))
1+9(, @)

’

&, Pw) < kmax{
g

¢, Z¢)Nw, o)
1+0(, )

,0(8, 2%), 5(w,fw),5(§,W)}.

Then one can arrive at the same conclusions as in Theo-
rems 2.1, 2.2 and 2.3.
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A self mapping . on P with respect to / P — P
is a generalized contraction mapping, if it satisfies the
following condition for all {,@ € P with / ¢ </ w,
$ecdandy € U

G WL, L) <y (&) — ¥ (Dy ¢, @),

(11)
where
0 w,2w)|1+0(/ ¢, L)
C/ (CyZU)zmax{ 1+5(;£ 7 o) ]7
oY ¢, 200 w,Lw) ) .
1500 ¢ o) 0 6, 20),
Y @, Lw),d ¢/ @)},
(12)
and
Dy (¢, @)
B 0 @, L)L+ ¢, L0)]
= max({ 110(/ ¢/ @) 00/ &/ @)}
(13)

Now, we have the following result.

Theorem 2.6 The two continuous self-mappings &,/
on ‘P have a coincidence point, if they satisfy the following
conditions:

. & is a monotone f/-non-decreasing,

LB S/ Pandapair(L,/ )are compatible,

. Lo X Lo forsomely € P and

satisfies the condition (11) in a complete partially
ordered b-metric space (3, 0, <).

Proof From Theorem 2.2 of [5], we have the sequences
{¢n}, {n) € P with

@y =Lty =/ {np1forallm >0, (14)
for which

S o=/ a=x2f =) 1 X (15)
Now from [5], we have to show that

0@y, Dpt1) < A0(Dp—1, @), (16)

for all # > 1and where 1 € [0, %).

From Egs. (11), (14) and (15), we have
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¢ @ wni1) = d(s L Cur L Ens1))
< ¢Cs G tnt))
— U (Dy G Gns1),

(17)

where

8(/ Cntls $§n+1) [1 + 6(/ [ g(ﬂ)}
1+ E§(}‘/ {n»/ §n+1)

5(/ Cm»g/{n) 8(/ §n+1v$§n+1)

140 Cn/ Cnt1)

6(/ ;nwg);n), 8(/ §n+l¢g§n+l)v 5(/ {Vn/ §n+l)}
_ { O(@y, wpt1)[1 + (@1, @y)]
= max

1+ 8(@p-1,@n)
O(@y—1, @y) @y, Dyt1)
1+ 8(@p-1,@n)

C/ (&n> Ent1) = max {

)

O(@n—1,Wn), 0(@n, @p11), O(@n—1, @n)}

< max{d(@,—1, @n), O(Ty, @ni1)}

and

6(/ Cnt1, & Cnt1) [1 + 6(/ Cns gfn)]
L+0¢/ Lw/ Cnv1)
6(/ fm/ {n+1)}

_ {6(wn,wn+1)[1 + 0(@n—1, @n)]
= max )
1+ 0(wy-1, @n)

)

Dy ({nr Gns1) = max {

O(@y—1, @y}

= max{0(@y,—1, @y), 0(wy, @pt1)}
From Eq. (17), we have

¢ B(@n, @ps1)) < G(Max(O(@y_1, @y), @y, yi1)})

— ¥ (max{B(@ 1, D), D@y, Dyr1)}).

(18)
If 0 < O(wy—1, @) < O(@y, wyy1) for some u, then Eq.
(18) follows that

¢ D@, @n11)) < $O(@n, Dns1)
~ V@@, @pt1)) < @@ D)),
or equivalently
3 0@y, @pt1) < 0@y, Dpt1),
a contradiction. Therefore, from Eq. (18) we have
3 0Dy, @pt1) < 0(@y—1, D). (19)

Hence, 4 € [0, L) from (16). According to Lemma 3.1 of

J

[15] and from Eq. (16), we have
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lim Z¢, =n£r}rloo/ Cnt1 = W, for p € P.

n——+00

From condition (b), we have

Jim 0 (L&), L tw) =0, (20)

and the continuity of ¥ and / we have,

Jm /(Lo =/ e lm LG o)=L
1)

Furthermore,

1
75(3’/17/ W =L LY ) +o (LY L)

J (L) +a O (L)) W)
(22)

Thus, (L v,/ v) =0asn — +ooin (22) and hence the
result.

O

We have the following result without the continuity
property of / and % in Theorem 2.6.

Theorem 2.7 If'P has the property in Theorem 2.6 that

a sequence {/ ¢,} C ‘B is a non-decreasing such that

lim / ¢w=/ ¢ e/ B,and

n—>+00
/ PSPisclosedandf ¢y </ ¢,/ ¢ =2/ (f ¢) for
nand/ o <X ZL ¢ for some ¢y € P,

then the weakly compatible mappings &,y have a coin-
cidence point. Besides that, when & and y commute at
their coincidence points, then £,y have a common fixed

point in‘B.

Proof As from Theorem 2.6, {w,,} = {L {u} =/ Cny1}
is a Cauchy sequence. Since / ‘B is closed then

lim Z¢ = lim / {ua=/ p for € P.

n——+0o00

Thus, / ¢, </ pfor all n. Next to show that &,/ have
a coincidence point u. From (11), we have

$(s NL G L) <Cr Gn ) — U (Dy (G 0)),
(23)

where
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0/ wLw[1+0¢ tw L)
1+6(/ Cn:/ )
O Cn, Ln) O/ 1, L 1) p
143/ tnf 1) 00/ &ny & En),
3 w L), tnf W)
— max{o(/ u, <L wn),0,0,0(/ w, £ pn),0}
=0(/ u, Lpn)asn— +oo,

’

C/ (G 1) = max {

and

o/ w, L [1 +a(/ é'n;fin)]
L+0(/ Cnf W)

)

D/ (&n, ) = max{

6(/ é-m/ W}
— max{0(¢ wu, <% n),0}
=0/ u, £ p)asn— +oo.

Thus Eq. (23) becomes
$s  Jim (L 6w L)) < 9O 1, L 1)
— Y@ wLw) <@ 1L w).

As a result, we have

1
ngrfwé(fén,gs“) < =00/ w, L. (25)

Furthermore, the triangular inequality of §, we have

1
75(/ w, L ) <0 L &n) +0(L &n, L 1),
(26)
thus Eqgs. (25) and (26) lead to contradiction, if
/ nw#EZLu Hence, /¥ n=Lpu Let fy u=<Lu=p,

then Lp=2L¢Y w=/ (L =4 p Since
/f mw=/ (/ w=/ p, then by Eq. (23) with
/ nw=%Lpand / p =L p, weget
PG (L, & p) <$Cs (1, p)) o)
— Dy (1,0) < pOL 1, Z p)),
or equivalently,
3 (L, Lp) <L, <L p),
which is a contradiction, if L u # % p. Thus,
ZL =% p = pandimplies that ¥ u =/ p = p. Hence
the result. (I
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Definition 2.8 Consider the partially ordered b-metric
space (B, 81 =<). A mapping & : P x P — P is a gener-
alized (¢, ¥)-contractive mapping with respect to a self
mapping / on ‘B, if

¢ 0L ¢, @), Z(0,0))

= d’;(C/ ((r w, QrU))

- 1;[,}(IZ)/ (§, w, 0, O.))y

(28)

forall ¢, w,0,0 € Bwith / ¢ </ ¢and / @w =/ o,
k>2,0 >1,¢¢c ®¢ € V¥and where

¢ 0, L oN[1+0(/ ¢, L (¢, )]
1+3(¢/ ¢/ o) ’
o ¢, L& @) 0 o0,%(0,0))
140/ ¢,/ o
A ¢ L (&, @)),0( o0, % (0,0)),
o ¢/ o)

Cy (¢, @,0,0) = max {

and

Dy (¢, w,0,0) =max

¢ 0, % (0,0)[1+0(/ ¢, L, )]
1+03¢/ ¢/ o

o &/ ol

{

)

Theorem 2.9 Let (,0,X) be a complete par-
tially ordered b-metric space. Assume that a mapping
&L P x P — P satisfies the condition (28) and, L, /
are continuous, £ has mixed y/-monotone property and
commutes with ¢ . Suppose, if for some ({o, @o) € P x P
such that / Lo <X & (Lo, o), / wo = L (wo, lo) and
LB xP) S/ (P), then &L and y have a coupled coin-
cidence point in ‘B.

Proof From Theorem 2.2 of [5], there will be two
sequences {¢,}, {w,} C P such that

’ 1 =L Cnon), f onpp1 = L (@y, L), foralln > 0.

In particular, the sequences {/ ¢,} and {/ @y}
are non-decreasing and non-increasing in ‘B. Put
=80 @ = @y, 0 = {nt1,0 = Dyt in (28), we get
¢ O Lurif Cnr2)
=6 (L G n) & Cus1, Dut1)))
< $Cs Cn @ ng1, Bus1))
- 1&(,Z)/ (;nr Wy, {YH—I! w}’H—l));

(29)

where
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C/ (&> @y Eng 1, @ng1)
= max{ﬁ(/ é‘nr}/ gn-i—l): (30)
O Cnr/ Cnr2)}
and
D/ ((nrwn:§n+1’wn+l) (31)

Zmax{a(}/ Cnr/ §n+l))6(/ Zn—i—ly/ §n+2)}-

Therefore from (29), we have

G KB a1/ Cui)) < dax(OY Luf Cni1)s
0 Cnt1,/ Cnt2)))
— g (max{d(/ Cuf Cut1)s

5(/ §n+1:/ §n+2)})‘
(32)

Similarly by taking ¢ = @wyq1, @ = {u+1,0 = Cn 0 = &n
in (28), we get

G KB D) @as2))
< $max{0(/ @n/ @ut1),
0 @ur1,/ @ni2)})

— Yy (max{d(/ @) @pi1)
0 @ut1,/ Tuy2)}).

We know that max{(t;(sl),q;(ez)}=</’A>{max{81,€2}} for
€1,&2 € [0,+00). Then by adding Egs. (32) and (33)
together to get,

(33)

$(s “8,) < pmax{DY &nf Cur1),
O Cnt1sf Cn42),0(/ @nf @Wny1),
0/ @ut1,/ @ne2)})
— Y (max{0(/ {wf Cutr),
8(/ Cn+l’/ §n+2)76(/ wn,/ Tpt1),
0 @ut1,/ @ut2)})

(34)

where
8n=max{8(/ §n+l;/ §n+2)16(/ wn+l;/ Tni2)}
(35)

Let us denote,

Vi Zmax{6(/ é‘n;/ Cn+l)78(/ Cn-i—b/ Cnt2)s (36)
6(}/ wn;/ w_n+l),8(/ w_n—i-l)/ wn+2)}~

Hence from Egs. (32)—(35), we obtain that
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g kS,, < V,. (37)
Now to claim that
8n < ABu—1, (38)

forn >land A = ﬁ € [0,1).

Suppose that if V,, = §, then from (37), we get 5 ks, <8,
this leads to §, = 0 since s > 1 and thus (38) holds.

Suppose V, = max{0(/ &,/ Cn+1),0(/ @n/ @ut1)}h
that is, V,, = 8,—1 thence (37) follows (38).

Now, we can deduce from (37) that 8, < A"y and
therefore,

O Cny1,f Cut2) < A" and O/ @uy1,/ @ny2) < "0,

(39)

which shows that {/ ¢,} and {/ @,} in P are Cauchy
sequences from Lemma 3.1 of [15]. Therefore, we can

conclude from [3] of Theorem 2.2 that # and / in [ have
a coincidence point. 0

Corollary 2.10 Suppose (13,0, <) be a complete par-
tially ordered b-metric space. Let a continuous map-
ping &L P x P — P has a mixed monotone property
and satisfies the contraction conditions below for any
,w,0,0 € Psuchthatt < oandw > o,k >2,5 >1,
qg € dand 1/} 3

P (L (¢, @), L (0,0))
<¢(Cs (¢, @,00) =V (Dy (&, @,0,0)),

1
6(07 (C,ZZT),g(Q,U)) =< ﬁc/ (C,ZU,Q,O')

1 .
_ ﬂlp(D/ ¢, @,0,0)).

where

Cy (¢, @,0,0) =max
5(@3(9,0))[1 + 5(5»7((,@))]
1+9(,0)
0, 2 (¢, @)) 00, Z (0,0))
1+9(,0)
3¢, L (¢, @)),0(0, £ (0,0)),0(L,0) },

’

’
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and

D/ ({x w, 0, U) = max

30, Z (0,0 [1+0(;, Z (¢, @))]
1+4+9(¢,0)

{
9(¢, 0}

If there exists (§o, wo) € P x P such that Ly < L (Lo, @o)
and wy > ¥ (w0, (o), then L has a coupled fixed point in

P

)

Theorem 2.11 A unique coupled common fixed
point for & and f exists in Theorem 2.9, if for every

&, @), (£ ,{ )€ P x P there is some (¢*, *) € P x P
such that (< («*,B*), L (B*,a*)) is comparable to
(L, @), L (@, ))andto(L (£ 0 ), L ,£)).

Proof From Theorem 2.9, the mappings &% and
/ have a coupled coincidence point in ‘P. Let
& @), (£ ,/ )€ P xP are two coupled coincidence
points of .Z and /. Now to claim that / ¢ =/ # and
Y/ @w=/ (. By hypotheses (& (a* B*), L (8" a*))
is comparable to (¥ (¢, w), % (w,{)) for some
(@, %) € P xP.

Now, assume the following
(Z ¢ w), L (w,0)) < (L (% B"), Z (B, a¥)) and
(L 0 )L £)) < (L@@ B")ZL(B*a")).

Suppose a*p = «* and B*; = B* then there is a point
(a*1, B*1) € B x P such that

/ot =ZL @0, %), f B1=L (B %) (n=1).

We have the sequences {/ «*,}and {¢ B*,} in 0 as by
the repeated application of the above argument with

f =L@ B, f B =L (B a™n), 120,

Similarly, define the sequences {/ ¢.}, {/ @,} and
{/ A5, ¥ ¢n} in P by setting o =¢, wo =@ and
£o = #,7o = (. Furthermore, we have

/ {,,—>$(§,w),/ wn_)g(wrg):/ An
L&) > L )= 1.
(40)

Therefore by induction, we have

(/ é‘n:/ @) < (/ a*n’/ ,B*n)x n=>0.
Now from Eq. (28), we get

(41)
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PO &) @ ur) <G KDY ¢/ @tur1)
= 0L G ), L (@ m B*)))
<¢Cs ¢ 0%, ")
— V(D € m,a%, %),
(42)
where

C/ (C,ZD',W*”;,B*”)
O/ oy, L (B ) [1+0(/ ¢, L, )]
= max
1+0(/ ¢,/ a*y)
5(/ 0,2, @)) 6(/ oy, L@y, B )
1+0(/ ¢,/ a*y) ’

O ¢, L, @), 0(/ oy, L (@ B%,)),

o &f oa'w}
= max{0,3(/ ¢,/ a*n))
:6(/ {1/ Ol*n)

’

and
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hT max{0(/ ¢,/ a*y),0(/ w,/ B*)}=T,T =0.
n——+00
Therefore as n — +o00in Eq. (45), we get

$(I) < $(I) — ¥ (D),

which we have derived @(F):O. Hence, T" =0.
Therefore,

lim max{0(/ ¢,/ o*,),0(/ @,/ B*,)}=0.

n—+00

Thus,

(46)

nETw5(/ ¢,/ oy) =0and nglllooc’)(/ @,/ B*,) =0.
(47)

Also from the above same argument, we procured that

lim o(/ £ ,/ o*,) =0and nlir-}—loozj(/ ¢ L7 B*,) =0.

n——+00
(48)
Therefore from (47) and (48), we get / ¢ =/ £
and / w=/ /¢ Since /(=% w) and

/ @ =% (w,) and the commutativity property of &

0 a*n L@ B* )1+ ¢ L o))

D/ (é‘rw:a*n;ﬂ*n) = max {

=03/ ¢,/ o).

1+0(/ ¢, fa*y)

)6(/ ;’fa*n)}

As a result of Eq. (42), we now have

PO ¢.f a*ni1) < PO L,/ o)
— V@ ¢.f o).

As a consequence of a similar argument, we deduce that

¢@( @,/ B*u1) < @Y @,/ B*)

(43)

. (44)
— G @ @/ B
Therefore from (43) and (44), we have
dmax{d(/ ¢,/ a*pi1), 0/ @,/ B D))
< pmax{d/ ¢,/ ), 0/ @,/ D as)

— g (max{d(/ ¢,/ o), 0/ @,/ B5)D
< ¢max{d(/ ¢,/ a*),0(/ @,/ B*)D.

The property of ) implies that,

max{0(/ ¢,/ o*u11),0(/ @,/ B 1)}
<max{o(/ ¢,/ a*n), 0 w,/ B*))

Hence, max{d(/ ¢,/ o*,),0(/ @,/ B*,)}is bounded
below decreasing sequence of positive reals and by a
result, we get

and / implies that

S O=f (LCo)=2%(Y ¢/ w)and/ (/ @)
=/ (Z(@.0)=2L o,/ §).
(49)
If / ¢ =a*and / @ = B*then from (49), we get

/(@)=L @B and/ (BY) =L (B a"),

(50)
this shows that (a*, 8*) is a coupled coincidence point
of ¥ and /. Hence, / (@*)=/ £ and f/ (B*) =/ ¢
which in turn gives that / («*) =a*and ¢ (8*) = p*.
Therefore, we conclude from (50) that (a*, 8*) is a cou-
pled common fixed point of ¥ and /.

Assume (a*, *) is another coupled common fixed
point to ¥ and /. Thus o* =/ o* = &£ (a*, f*) and
B* =4 p* =L (B a"). But (a*, B*) is a coupled com-
mon fixed point of ¥ and / then / o* =/ ¢ =a*and
Y B* =/ @ = p* Therefore, a* =/ o* =/ oa* =a*
and g* =/ p* =/ B* = B* Hence the uniqueness. [

Theorem 2.12 If / {o =/ wo or f (o >/ @y in
Theorem 2.11, then & and f have a unique common fixed
point in‘B.
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Proof Assume that (¢, @) € B is a unique coupled com-
mon fixed point of ¥ and /. Next to show that { = w.
Suppose that / (o </ @ then by induction, we get
/ tn </ wyfor all n> 0. From Lemma 2 of [16], we
have

qS(a k_28(§,w))
o 1
= ¢ kﬁES(é', w))
< nErEOO sup e k6(§n+lr @y+1))
= nEToo sup (}3(6 kzs(g (;'nr wn): & (w,,, ;n)))
< nEToo sup QAS(C/ (&n» @ny @iy $n))
— ngrfoo lI’lf 1//}(2)/ (Cm Wy, Wy, gn))
< $@¢, @)
— WETOO inf &(Df(g-n: Wy, Wy, é-n))
< (O, ),

which is a contradiction. Hence, { = .
The result can also be seen in the case of / o = / wo. O

Note 1 The same conclusions can also be seen as in
Theorems 2.6, 2.7, 2.9, 2.11 and 2.12 by maintaining
only C; (¢,@), C; (§,@,0,0) in place of D, (¢, w),
Dy (¢,@,0,0)in the contraction conditions.

Remark 2.13  Although 4
[14], the condition

= 1 and as a consequence of

P@(L ¢, @), Z (0, @)
< ¢(max{d(/ ¢,/ 0),9(/ @,/ @)}
— Y (max{d(/ ¢,/ 0,0 w,/ @)}

is equivalent to,

NZ (¢, @), % (0, ™))
< emax{0(/ ¢,/ 0),0(/ @,/ @)},

where ¢ € ®, ¥y € W and ¢ is a continuous self mapping
on [0, +00) with ¢(¢) < efor alle > 0and ¢(¢) = 0 if and
only if ¢ = 0. As a result, the findings are generalized and
expanded the results of [9, 12, 17] as well as several other
comparable results.

Now depending on the continuity of a metric d, we
have the following examples.
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Example 2.14 Let P = {a,b,c,d,e,f} and § B xP—> B
be a metric defined by
0¢,w)=0(w,l)=0,ift =
=a,b,c,d,e,f and { = w,
3¢, @) =0(@,0) =3, if t =
=a,b,c,d,eand ¢ # @,
3¢, ) =0(w,0) =12, if ¢
=a,b,¢c,d and w =f,
0¢,w)=0(w,) =20, if { =eand w
=f, with usual order <.

A self mapping ¥ on P defined Dby
La=Lb=Sc=%d=ZLe=12f =2hasafixed
point with ¢(¢) = Sand ¥ (¢) = { where ¢ € [0, +00).

Proof For s =2, (B,0,<) is a complete par-
tially ordered b-metric space. Assume that { < @ for
¢, w € ‘B, then we have the following cases:

Casel
Thus,

If{,w‘ e{u,b,c,d,e}thena(gg,gw) = 6(61,&) = 0.

PQIL L, L)) =0< d(C, ) — (D&, o).

Case 2 If ¢efabycde} and w=f, then
0(&¢, Yw)=0(ab) =3, C(f,e) =D(f,e) =20 and
Ci,f) =D(,f) =12,for¢ € {a, b, c,d}. Hence,

C¢ )

pQV(L ¢, L)) < v

= $(C(¢, @) — Y (D&, ).

As a result, all the conditions of Theorem 2.1 are satisfied,
and hence ¢ has a fixed point in B. O

Example 2.15 Define a metric 0 with usual order < by

0’ l:f;:w
17 lf‘;;élﬂ'e{o,l}

W=V e—mlif cme{ofkingm=1]
6, otherwise.

where 3 = {0, 1, %, %, %, .1}, Then a self mapping

n

gon%byQOZO,g’% = 1én(”2 1) has a fixed point

with (;3(8) = gand 1&(8) = %‘E for & € [0, +00).

Proof 0 is evidently discontinuous, and (3,9, <) is a
complete partially ordered b-metric space with s = 1—52
Now we have the following cases for ¢, @ € with

{ < w:
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Case 1 Suppose
L L) =00 13) = 15

and C(¢, @) or D(¢, w) = {1, 6}. Therefore,

5(125(34,35,)) < M
5 5
= (¢, @) — (DK, @)).

Case 2 Suppose that ¢ =L+

m
m > n > 1, then

(=0 and w:%(n>0), then
and C(,w)orD(,w) =1

n

1

and @ = . where

0(Z¢, L)
1 1
- 6(@: ﬂ)r C(é’, w)

D) = — Lo, )
n m
— D¢, ) = 6.
Thus,

&(lszmzcﬁm) < @

= (¢, @) — (DK, @)).

Hence, we have the conclusion from Theorem 2.1 as all
assumptions are fulfilled. O

Example 2.16 Let d: P x P — P be a metric with
B = {U/0 : la1,a3] — [a1,az] continuous} and

3(U1,U2) = sup {|U1(e) — Ua(e)[*)

e€lay,azl

for every U1,03 € B, 0 < a1 < ay with U1 < U3 implies
a; <0U1(e) <0ay(e) <ay, e € lar,az]l. A self mapping
& on P defined by U = %, U € P has a unique fixed
point with ¢(@) = @ and (@) = %, for any a@ € [0, +-00].

Proof Since, min(U1,02)(¢) = min{U1(g), Ua2(e)} s
continuous, and all other assumptions of Theorem 2.3 are
satisfied for 5 = 2. As a result, 0 € 3 is the only fixed
point of Z.

Limitations

In complete partially ordered b-metric space, the exist-
ence and uniqueness of a fixed point for a self mapping
which satisfies a generalized weak contraction condi-
tion with two rational auxiliary functions are discussed.
These results are further generalized for two self map-
pings in the same context and proved the existence
of coincidence point, coupled coincidence point and
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coupled common fixed points. Also, shown that these
results are generalized the well known existing results
in the literature. Some numerical examples are given to
justify the obtained results.

+ These results can be extended by involving more
mappings in partially ordered b-metric space to
acquire triple, quadruple fixed points.

+ These contractions can be used to obtain a coinci-
dence point, coupled coincidence point and cou-
pled common fixed points for the mappings in
various ordered metric spaces with required topo-
logical properties like monotone non-decreasing,
mixed monotone, compatible etc.
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